A Resonance Theory of Termolecular Recombination Kinetics - H plus h plus m Yields H2 plus m by Roberts, R. E.
General Disclaimer 
One or more of the Following Statements may affect this Document 
 
 This document has been reproduced from the best copy furnished by the 
organizational source. It is being released in the interest of making available as 
much information as possible. 
 
 This document may contain data, which exceeds the sheet parameters. It was 
furnished in this condition by the organizational source and is the best copy 
available. 
 
 This document may contain tone-on-tone or color graphs, charts and/or pictures, 
which have been reproduced in black and white. 
 
 This document is paginated as submitted by the original source. 
 
 Portions of this document are not fully legible due to the historical nature of some 
of the material. However, it is the best reproduction available from the original 
submission. 
 
 
 
 
 
 
 
Produced by the NASA Center for Aerospace Information (CASI) 
https://ntrs.nasa.gov/search.jsp?R=19700001408 2020-03-12T04:19:14+00:00Z
N ^U-107].2
_	 ITNRUI
I
(COOEI
-- 
iCAfE^iORYI
IACCCS8IJN (1UN.BERIl ^'
WAGEG1
C^lN^ ALA L(t Oft T"D 7UR'I .:ERI
A RESONANCE THEORY OF TERMOLECULAR
^c
RECOMBINATION KINETICS s
H+H+M---3 H 2 + M
by
Robert Earl Robertst
ABSTRACT
A theory is formulated fcr atomic recombination reactions
which is based upon the identification of the set of transition
complexes, R2 	 as specific quasibour'id states or orbiting reso-
ances.	 The conventional "energy-transfer mechanismd' is assumed,,
since it has been justified under many experimental situations.
Calculations, based on a modified distorted wave approxima-
tion, demonstrate w*the-interesting feature that the main contribution
to the rate is that arising from rotational rather than vibrational
transitions downwards from the quasibound to the bound states.
k
Computations were carried out for the reaction H+H+M—H2+M
for M=He. H2.1 and	 Ar	 making use of detailed_ab initio knowledge
of the spectrum of quasibound states and thoir wave -functions.
Good agreement is found between the experimental 	 k	 and thatr Ae
calculated by the present resonance theory. 	 The theory predicts
an interesting Tow,temperature behavior which is attributed to a
'	 particular quasibound state and thus provides a.promising region
fi,)r further experimental investigation,
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PART I. ORBITING RESONANCE THEORY OF RECOMBINATION
I
A. Introduction
Although there have been several experimental determinations of
three-body recombination constants involving hydrogen atoms,l 11
ranging from the classic investigation of Amdur7 to the very recent
and comprehensive study of Larkin, 11 there is still a great deal of
doubt about the value of the rate constant and there is even less
known of the temperature dependence, below room temperature, of
these reactions. This work describes a theory of termolecular re-
combination kinetics which is capable of quantitatively predicting
rate constants and also of providing a deeper molecular: under-
standing of the fundamental mechanism involved in such reactions.
The generalreaction considered is
for which the macroscopic rate equation is
d Ax	z
.... z	 yj n^z>
X	 M	 ^^
where -n represents the number density of the subscripted species
and kr is the,recombin,ation rate constant to be computed from
...ab initio consideraations. Two distinct and reasonable mechanisms
are possible for the gas phase reaction and are represented
schematically as
4 n
u	 __
IWK
2X 4- X	 X 
21	 (3a)
M 	 (3b)
or
X + M	 (4a)
	
z	 (4b)
However, if 'M is inert or has relatively little affinity for X , -the
ekchaage mechanism,Eq. (4), can be discarded as a contributing factor
to the rate process. The present treatment deals only with mechanism
Eq. •` (3), commonly referred to as the ' energy-traits°fer "mechanism.'	 a
Of the several theoretical investigations into the problem of
10 12-21
atomic recombination,	 two of the most recent and signi-
ficant contributions have been made by Keck 12 ,13 and by Bunkera14 	 P
On the one hand Keck's approach to the problem is based on
statistical arguments and does not dwell upon; the explicit nature
of the collision complex or the details of the reaction mechanism.
Bunker, on the .other hand, formulates the problem according to the }
energy-transfer mechanism,Eq. (3), and then proceeds to `calculate the
rate cons-:,ant within the framework of classical mechanics. These
10 12-21
two treatments and other theoretical studies of this problem
they have failed to takehave had two major drswbaclzs. F rst, 
3cognizance of the quantum nature of the mechanism and second, no
attempt has been made to calculate a reaction cross section other
than with a gas-kinetic estimate.
The goal of the present theory is to eliminate these deficiencies
by using a quantum description instead of a classical one to
elucidate the exact nature of the collision complex X2	 The
unique feature of this theory is the identification of the reaction
intermediate with the so-called "orbiting resonances" or "quasi
bound states"
22_27
 whose existence is a definite quantum phenomenon,
not explained by classical mechanics. With a detailed ab initio
knowledge of the resonance states it is possible to justify the
%vol4A4I-xv of 1-ho a+anAtr cI- af- a nnrrn-.rimatinn_ mhirt'h is iinivA11v
B. Formulation of the Kinetics Problem
Since for many experimental situations the energy-transfer
mechanism is preferred, the formal development of the rate
equations is outlined for the following mechanism.
^t i
X 4- X -	 X	 ( EL >_ 0)	 (5a)z
L
Xz
	  ^" /^	 (5b)
r,,2
X^
	
+M ----- Xz 4 M (fin 0)	 (5c)
where E is the internal energy of the collision complex and _En is the
bound state energy. The energy of the atom pair, eithe^c complex
i or bound state n , is measured relative to the separated
atom energy. The constant k refers to the specific rate
donstant and the indices i and n ..refer to the complete quantum
description of the species. These labels represent all quantum
numbers which are necessary to specify the state of the system
(rotational, vibrational, and electronic). Formally Xz l can
be any collision pair, long-or short-lived, which could con-
ceivably produce a bound state X2 n upon colliding with M .
There will in fact, be a finite set of such cgimplexes. It
should be noted that at this point no steady•^tate assumption
has been invoked regar.din& the formation and..decay of the
reaction complex. However, in Section C3 of 'Part I the
necessary and sufficient conditions for this assumption to be
4
5valid will be outlined and discussed in detail.
From considerations of detailed balancing the relation
kf^ = Keqi k d i is obtained, where
I
	
	 equilibrium
X
Once a detailed knowledge of the specific complexes represented by
i is acquired, it is then possible to calculate Keqi from
statistical considerations. The complete rate equations for the
proposed mechanism can then be written as
iwhich assumes that X2 is in thermal equilibrium with X during
the reaction process. This very important criterion is used in
a later section to determine which of the complex states maintain
6
an equilibrium population. At the same time the converse of Eq. (8)
can also be used to eliminate certain complexes on the basis th,<,,At
they are formed so slowly that they do not contribute significantly
to the overall rate. Since it will be shown that only those
intermediates for which criterion Eq. (8) is satisfied contribute
to the recombination, the rate expressions can be simplified to
obtain
_J
t
r	 ^	
(9)
 
b
or summing over all possible reactive channels the total macroscopic
recombination rate constant is written as
c
Although formally the summation_ is over every possible atom pair , i
(actually an integration-over the continuum) and all bound states
n , in prac tice it is restricted to a finite set of complex states
and only a small number of bound states.
J
	
	
The next step in the formal development of the rate formal°a_ 	 s
is to express the bimolecular rate constant kf n in terms of
the effective collision cross section for Eq. (5c), ,since this 	 fl`
:
a.'n
 M	 Vn	 I,A4 (11)
is the primary quantity, which can eventually be estimated or cal-
culated. The relationship of the specific bimolecular rate constant
to the reaction cross section has been derived by several authors. 28-31
It's derivation is briefly outlined here for completeness.
The specific bimolecular rate constant can be written in terms
of the cross section as
where f i and fM are the distribution functions for X 2 1 and
M respectively, (Y—in (E)is the total inelastic cross section
for the i-4 n transition caused by a collision with M , E is
This expression can be simplified by changing the variables of inte-
gration to a center of mass and relative motion coordinate system
defined "by
r1M 17
,..._ M	 c.	 M	 --- ly
	(
14a)
YZ	 (14b)
where
"YYl	 M 14c(	 I
The thermally averaged cross section is defined. as
E00
	
11 x	 E 07 (E) e 
1e T 
d'	 (16)
0
With this definition, if ^ n is energy independent, then
The specific rate constant ti terms of the
	
i n	 i n
thermally averaged cross section is simply
(17a)
and
`s
(17b)
is
With the use of equations (10) and (17) the total rate constant
1S
'
G (18)
x
f}
j
l
t
, i
y
of
i	 r	 :ar
10
An effective reactive cross sections can also be defined by
(19;
h
and then the rate constant can be written conveniently as
which is the simplified rate expression for the energy-transfer
mechanism of three.-body recombination.
The basic assumption made in obtaining the above expression
for the rate constant is that termoJecular recombination can be
described correctly within the framework of the energy-transfer
mechanism,Eq. (5). It has already been mentioned that for
suitable experimental conditions this is not a restrictive
assumption.
The following tasks remain:
1. Determine the quantum nature of the reaction	 Y,
complex X2 i
2. Justify the equilibrium requirement for the
important reaction intermediates.
3._ Calculate the effective reactive cross section
for the collision of X2 1 with M
The essence cf the recombination theory and the ,ultimate solution
NOW
(20)
µ
to the above three problems lies in the identification of the complex
with the quasibound states or orbiting resonances of the diatomic
*molecule.
11
12
f
C. General Orbiting Resonance Theory
The crucial point in the derivation of a successful theory of
recombination kinetics is the precise knowledge of the intermediate
reaction co<rulex. Pace its nature is ascertained the rest of the
problem can be solved almost consequenti.allypThe final solution
is a matter of applying available methods of molecular quantum
mechanics and scattering theory to obtain numerical results.
^Y.
	 Although these methods are usually only approximate, they are
still sufficient to give a much deeper understanding of the
reaction than was previously available. Detailed information
about the intermediate also permits a determination of the
correctness of the mechanistic assumptions. A limited knowledge
of the responsible complex has, in fact, been the basic deficiency
in other recombination theories. Thus a rigorous description,
or more explicitly an identification of the complexes as
•k
	 orbiting resonances is the most important single feature of the
present theory.
^t
	
	
The accurate description of any molecular system such as ax
transition state must ultimately lie in a quantum mechanical
„f
investigation The crux of this work shows that the dominant
complex in many recombining systems is the "orbiting resonance"
or '!quasibound state" which is a distinct quantum phenomenon
that does not lend itself to a direct classical interpretation,
fw,	 The classical theory, however, is not completely, devoid
~	 of an analog.	 or example, in Bunker's classical analysis 14g	  ^
of recombination -it was found that the most important class of
{
13
11_
complexes are the classical orbiting pairs, which are analogous to
the present quantum scattering resonances. The classical orbiting
pair corresponds to two incident particles with a relative kinetic
energy exactly equal to that of the centrifugal barrier. In this
case the pair remains In the metastable position at the barrier
maximum Rte,. until. perturbed by an external force such as aL
third body. If the relative collision energy is just slightly
w
greater than the barrier maximum then the pair will execute
several orbits before flying apart or colliding with another
body. Besides Bunker's treatment, 14 the reader is also referred
to the text by I3irschfelder, Curtiss, and Bird 28 concerning the
role of slie orbiting pair in three-body collisions.
A purely classical treatment, as discussed above, cannot
account for the qu.asibound states below the rotational bar rier,
which play a significant role in the present theory. It is
possible, however, to study the tunneling phenomenoA. and Auasi-
AV bound states via a semiclassical method as discussed by several
2 r_
,^-	 authors .'.	 a	 While this approach is not used in the
present work to determine the quasibound spectrum, it is used
to compute the lifetimes of the longer-hived orbiting resonances.
1.	 Discussion of Possible Reaction Complexes *'
In the following sections candidates for the relf'-tion
intermediate	 X2	 are discussed, and it is shown when re-so.nances.4 .
account for the most significant contributions. 	 It is assumed
that the relevant interaction potentials for a pair of 	 X	 atoms
are knoto7n and that the collisions proceed adiabatically along them.
^y
_^
14
All of the atoms are taken to be in their ground electronic states.
Tho above statements are valid assumptions for many systems, and in
particular for the case of hydrogen atom recombination which is
the example discussed in Part IT.
An analysis of the possible atom pairs, X  * , amounts to the
solution of the elastic scattering equations for the collision of
two X atoms. T}: the spherically symmetric ground state inter-
action potential between the atoms is given by VX 	where the
2
zero of energy is taken- as the energy of the separated_ atoms,
then the effective potential (which includes the centrifugal
contribution) is given by
Ve tf V	 1^1^	 (21) xz
where I is the orbital angular momentum quantum number and R
k	 is the internucS^earcomplete separation of the atom air. A com l
^
	
	
P	 P	 P^
description of the collision is then given by the solution of
Schroedinger's equation, with necessary boundary conditions,
,
i
0	 ^	 (22)
where E is the initial kinetic ,energy of relative motion, H
is the Hamiltonian for the atom pair, and 	 is the wave
,x	 function which completely describes the state of the systems.
Defining
-011 010
x
15
and using a center of mass coordinate system the following is
obtained
^^O, .1, ( -	
— 0	 (24)0d.x
m E 
1/2 
	 cn
where k ( 2
	
is the incident wave number and U = 2 Veff
t
The necessary boundary conditions on 0 are
(0	 (25a)
(25b)
where	 is the corresponding elastic scatteki.ng phase shift. 	
n
The solution of the elastic scattering equation has been dis-
33 3
cussed in several texts	 and only the applicable results are
M;
outlined here.	 In general for an effective potential with
three classical turning points there are three types of collisions,
^t	 ,< characterized by the corresponding 	 01	 (see Fig. 1 and 2)
1.	 Normal collisions with collision energiea greater
than the barrier height.	 These are representative of
a particle or wave packet moving into the attractive
region and out again.
2.	 Non-resonance collisions with collision energies
below the centrifugal barrier. 	 These have .a-,very
small probability of tunneling and hence becoming
trapped in the classically, inaccessible region inside
nns[
16
of the rotational barrier.
Both collisions of type l and 2 have direct classical analogs.
3. Resonance collisions, which are a definite quantum
phenomenon and can be thought of as representing the
tunneling and subsequent "trapping" of a pair of X
atoms in the classically inaccessible region.
Representative wave functions 0
'
0 for these three types of col-
lisions are illustrated in Figs. 1 and 2 for the case of two
hydrogen atoms. The example shown is important in the resonance
theory of hydrogen recombination.
}
r
Y
I
Fig. 1. Radial Wave Function for a Non-Resonance Continuum State.
The scattering wave function for I = 4 corresponds to a
collision energy E above the rotational barrier for the effective
1 :.>:^ g potential for H2
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Fig. 2. Radial Wave Function for a Quasibound State.
The quasibound wave function for the effective 1 g
potential for H2 corresponding to v = 14 and I j = 4
is shown as a solid curve. The dashed curve represents the
wave function for the same effective potential at an energy
slightly different from the resonant energy and also below the
rotational barrier.
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The characterization of the quasibound specrum £o`t' atomic
systems has been pursued by several investigators. 22-27 In
particular there has been a great deal ok effort applied to the
problem of hydrogen atoms in their ground electronic state,
which is the specific interest of the present wore. Before the
relative; importance of these resonance states in the recombination
theory is discussed ., some of their more important properties are
outlined below.
Quasibound states are distinguished by a long l.i fetinte
compared to a vi,brati,onal period for the complex or compared to
a typical col l ision Ume. Hence	 can be treated as .`xir,.tual
hound states in the final rate determining step (5c) . These
states are a continuation of the true bound state spectrum
(See lief. 25) imbedded. in the continuum by the rotational
barrier; and thus can be, characterized by the vibrational and
rotational, quantum numbers, v and j respectively, in
particular the orbital angular inamentum quantum number
becomes the internal rotational cjuantum, nucmber J of the
a
	
	 quasi.bouhd state. For each effective potential, with a given
I there is a set of orbiting resonances labeled by
V -- Min-' Main + 1 $ ° max and one j I ° Each of the
i resonances (vyj) has a characteristic energy E  and 	 Y'
an average lifetime	 °' g	 i	 Associated with each leveX, is an
energy given by the relation
z
}22
When the pertinent widths are small compared to the level separations
the quasibound states can be treated as if they were a discrete set.
Experimentally it may be possible to observe some of the;
broader quasibound states via molecular beam techniques, as has
beenro osed b several authors. 27,35p p	 y	 Presently, however, there.
are no direct experimental observations of the broader resonances
near the top of the barrier maximum, although some sharper quasi-
bound states are observed in the predissociation spectrum. 36,37
A very important point can be derived from the preceding
discussion. That i c , once the special significance of the
resonancea in the recombination theo::y is demonstrated, the
I	 I.,
	 final reactive step (5c) can be considered as being a transition
from a "discrete'" quasibound state (E i ^ 0) to a truly bound
,.	 f
state (En^ Q) o Since it will be shown that the reaction
directly from the non resonance continuum states to the bound
states is not important, the three-body problem reduces to an
	
f	 effective two-body collision process between a long-lived,
"excited" complex X2 and the inert molecule M
w
2. Relative Importance of the Qu:asi.bound State
Up to this point it has been implied that quasibound
states are more important in -.ecombination than other continuum
states. It is the purpose of the next two sections to show
i
for which conditions they are the most important complexes and
to further demonstrate when these complexes satisfy the steady
state criterion, Eq. (8)
	
If the recombination constantis
`'	 written as a sum of resonance andnon-resonance contributions
23
Res tics -^^s
1t,	 n	 h (27)
it must be shown that
NoK - kes
	 des
/t,	 h
	 (28)
A simple estimate of this ratio can be derived which is useful as
a check of the dominant importance of the resonance complexes.
_	 Using Eq. .(20) the relative contribution of non-resonance to
resonance states is
Nom -^2es
	
JUo►^ -^Ee. s
/r.	 (29)
IL	 v L
0
i	 Non-Res
where Key
	 is a "pseudo-equilib7%Lum" constant (see Ref. 14)
describing the population of non-resonance continuum states of
X2	 representing a pair of atoms within a critical reactive
separation of each other. The summation over i refers to the
relevant quasibound states. It is reasonable to assume that
^0 Non-Res	 is ince the continuum of non-resonance
states is energetically farther removed from the bound states
than the resonances are, so that one obtains
RIM
.r
	s,
R
No►^ `'2es	 s	
AAA his
	 4
30)
G
The resonance contributions, Keq can be calculated from
the specific quasibound spectrum as will be shown later.
Kee on-Res can be estimated in the following way.
In order for a colliding pair of XX atoms to be capable
of deactivating to a bound state X2 n upon collision with a
third "body M , they must be wi°th n the "reactive range"
R < rMAX where rMAX is essentially the size (internuclear
separation) of the bound state to which the atom pair decays.
Then non-resonant collisions energetically below the rotational
barrier are relatively dnimportant, since they have nearly
zero probability of tunneling through the barrier. To cal-
culate the maximum contribution to the recombination rate for
24
j^.
,a
t
A	 a
25
^- mx
is the effective collision number, and ',?," ,No"s is the
average collision lifetime. Essentially ' Non-Res is the
length of time the atoms are within 
rMAX of each other.
Non-ResSince ^
	
is smaller than the vibrational period of
vib.
the highest bound state Z::^	 , an approximate upperbound
estimate for Keg Non-Res can be given. Thus the non-resonance
contribution to the rate constant is
Non -Rev/
(7rr,4.4.
h ^ h
^X
z
L
For most recombination reactions, in particular hydrogen atom
r <
	
	 recombination, the vibrational lifetime for the uppermost level
js small enough so that Keg Non-Res is small compared to the
resonance contribution	 Kegi	 An actual check of this
condition E . 33	 'q ( ^ ^^ ' :requires knowledge of the resonance
states for a specific reaction and set of experimental con.-
ditons. This is discussed in greater detail in Part II and
\	 Appendix A.
...	 .'.	
(tom	
r...
3. Steady State Criterion
Thus far the assumption has been made that the third step
of the proposed mechanism, Eq. (5c), is rate determining and
hence the collision complex has been treated as if it were in
equilibrium with the free atoms. This simplifying assumption
will not in general be valid for all possible resonance states.
The lower quasibound states fog- one effective potential, cor-
responding to a given I = j value, whose lifetimes are
extremely long ., and hence their energy widths extremely
narrow, would not be expected to form or decay quickly enough
to maintain a steady-state condition. These states can be
considered relatively inaccessible (a "bottleneck" to the
overall reaction) and thus do not contribute significantly
26
27
(35 )
WIX
For the lower quasibound levels 	 i values are very large
with respect to normal collision times and thus this condition
is not satisfied. This condition will generally be satisfied
for those quz sibound states energetically near the barrier
^	 maximum. A negligible contribution to the rate constant is
expected for those states for which a reversal of the in-
equality holds.	 There may ., of course, be some intermediate
situations with the above quantity approximately equal to
unity; however,this case is unlikely ., since the lifetimes of
the quasibound states tend to decrease by several orders of
magnitude as they lie further below the top of the rotational	 t
barrier.	 'Whether or not condition (35) is satisfied depends
on the specific experimental conditions such as temperature,
.:
f
pressure., and the third body. 	 For the case of recombining
hydrogen under most experimental conditions there are no
significant borderline contributions.
The conclusion which can be drawn from the preceding
discussion is that the important complexes are those which tire:
sufficiently long-lived so as to have a significant steady-
state population _and yet not too long-lived so as not to
satisfy Eq. (35).
	
For hydrogen recombination it turns out
that there are orr y a few important resonances which contribute
r
.	 .
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to the rate at subatmospheric pressures and below room temperature.
4. Summary of -;General Resonance Theory
For the important quasibound states the equilibrium constant
is readily obtained from statistical mechanics as
3/
kT	
"lit.
	
$	
z	 qq
	 ^. m /^ -r
a
i
where Q is the partition function and g represents both the
nuclear and electronic degeneracy factors. It has been assumed
`j
that the quasibound levels are sharp enough to be considered
.7
discrete with respect to the thermal distribution of kinetic
1	 energies (i.e.	 < kT)	 With the use of expression (36) and
the formal rate constant, Eq. (17), the following is obtained
L
4	 Z	 ^.	 3 ^^,
	 T	
^'	 L K
Ir
and for the total recombination rate constant
(a2
	
1	 (38a)U
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where
(38b)
Then, in summary, if the following assumptions are valid,
k  is given by Eq. (38).
1. The postulated energy-transfer mechanism holds.
2. only resonance states are responsible for the
rate of recombination.
3. The important resonances can be described by
an equilibrium distribution.
All of the assumptions can be checked with the formulas given
in this chapter and will be for the example of hydrogen rem
ii
combination.
The choice of resonance complexes is limited by both,
F	 energetics and lifetimes. On the one hand certain states
will be energetically inaccessible at the given temperature,
w
as manifested through the Boltzmann factor in Kegi ' Second,
`
	
	 many of the quasibound, states will be too long-lived to
satisfy Eq. (35). Given: sufficiently detailed information
about the quasibound and bound states the recombination rate
constant can be calculated, provided there is a means of
computing (5' i	 This turns out to be a formidable dynamics
problem. However ., even at this point Eq. (38) can be used as
a powerful predictive tool assuming a precise knowledge of the'
.rte__....
1	 ,
relevant resonance states is known. This is obtained from a gas-
kinetic estimate of (^5_ i which provides an upperbound to k 
since it assumes that every collision leads to reaction. A
simple formula for computing the gas kinetic value is discussed
Later (see Eq. (70)). For some cases this approximation may 'L ead
to a considerable overestimation of k 	 However, for other
systems it could provide a very good estimate. In the application
of the resonance theory to H + H the difference between the
gas-kinetic results and an approximate calculation of U i via
a modified distorted wave method is numerically compared and
discussed.
With the formal resonance theory developed and summarized
we now specialize to a specific system, hydrogen, which is
A4 mvnconri in the r,cmni"Aav of f-M a Yinrlc_
30
31
PART II. RESONANCE THEORY APPLIED TO HYDROGEN RECOMBINATION
A. Introduction
Thus far the general theory of recombination kinetics has
been outlined without emphasis on a particular system. The most
fundamental point of this theory is the identification of the
orbiting resonance states with the reaction complexes. In the
following sections the resonance theory is applied to the case
of hydrogen atom recombination. It is shown that this resonance
y
`	 identification and the other assumptions of the theory are
justified for this example. Detailed ab initio knowledge of
the scattering resonances is then used to calculate and thus
essentially predict rate constants for-the reaction
The reasons for choosing hydrogen as an example are two-
fold.	 First from  a theoretical point of view it is the simplest
chemical system one can choose.
	
For obvious reasons the
4
interaction potential for two hydrogen atoms in their ground
electronic state has been investigated more extensively than
any other diatomic system. 	 An extremely accurate ab initio
potential has been obtained by Kolos and Wolniewicz 38 (KW)
and recently their clamped nuclei potential has been used by
Waech and Bernatein25 (WD) in a numerical study of the
1.^-ruasibound spectrum for the	 round state	 potential.Q	 P	 g	 G..► 	 Pg ;:.
For two hydrogen atoms in their ground states., there also'j
exists a repulsive (neglecting the shallow Van der Waals M`t
_:.-...:—qua' . _-•-
minimum) 3 :E' 
a 
interaction. Three-quarters of the atomic col-
lisions proceed along this potential curve which do not lead to
react^ona This factor manifests itself in the electron,c
degeneracy terms as indicated in Eq. (38).
The WB analysis of the scattering resonances provides the
32
starting point for the resonance theory of hydrogen recombination.
With a detailed knowledge of the resonances it is possible to
test the following assumptions of the theory.
le Is the postulated energy-transfer mechanism
valid for hydrogen recombination?
2. Do scattering resonances form.the most signi-
ficant contribution to the rate for this example?
3. Are the important reaction complexes maintained
in a steady state distribution:!
^.
	
	
As stated: earlier 9 for the energy-transfer mechanism to be
predominant it is necessary.£or the th"-'rd-body ..M to be inert
with respect to the recombining atoms so that it is not-
possible to form a long-lived M--X complex and hence, provide
another competing mechanism to complicate matters. Thermo
dynamically 1 this means that the average thermal kinetic energy
(kT) must be much greater than the attractive well depth of
the H-M interaction. This is the case for the relatively
inert third bodies such as the rare gases;.and H discussed
in this paper. With regard to the second assumption one can
'show with theuse o£ Eq. (33) that for hydrogen recombination
*	 t
the quasibound states dominate the rate process for -T < 300-K
and thus we csit c.ox cerrtrate our efa 0rtS GII i he resonaiiee
i
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contribution. The explicit numerical justification is given in
Appendix A. The final assumption is valid when criterion
Eq. (35) holds. States which are important at a given temperature
and pressure might not be important at another. Attention will
be focused on conditions below room temperature and for low total
pressures, typically of the order of 1/100 of an atmosphere,
corresponding to many of the recombination experiments which
have been published.
	
detailed numerical justification
of the steady-state assumption for these conditions is presented
in Appendices $ and C. Thum from a theoretical point of view
recombining hydrogen atoms present a very amenable system to
study within the resonance formulation.
The second reason for choosing hydrogen as a test case for
the theory is that this specific example has been the object
l.-11
a az several experimenta l investigations,	 -'thus providing a
check for the theory. 	 One of the earliest and most noteworthy
,V, of these is due to Amdur r who carried out a very complete
analysis of the recombination at room temperature with both
hydrogen molecules and atoms as the third bodies. 	 A very
recent and most comprehensive set of experiments has been
A
11performed by Larkin	 who determined the recombination rate
constant for several third bodies such as hydrogen molecules
helium, and argon.	 There are several interesting features
of both of these investigations which will be discussed in
greater detail along with the theoretical results. 	 The main paint
is that a host of experiments are available with which to
check the resonance model.
.N,
_._WWBOOMMOM. w	 ow,
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At the same time, however, there are many unanswered
questions which can be understood with a successful theory.
One of ftese, for example, is the temperature dependence of
the rate constant which still remains experimentally ambiguous.
Another is the relative efficiency of different third bodies
on the recombination rate. The basic line of attack is first
to check the resonance theory with the available experimental
results and then to use it to predict both the temperature
dependence of the rate constant and the effects of various
third bodies. The remainder of this work is devoted to the
specific case of H + H recombination, both as a check of
the theory and for prediction.
i
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B. Important Quasibour_d States for hydrogen Recombination
Of the total of 52 orbiting resonance states for the 1
g
potential for hydrogen, calculated by Waech and Bernstein, 25 only
those states wht-ch are important to the recombination theory are
discussed and outlined in the following section, The properties
of the entire spectrura of quasibound states as well as the
specific methods employed to calculate these properties are
given in Appendices B and C. A portion of the manifold of
quas bound states25 's hcwa in Fig. 3, including the six
A	 important orbiting. resonances.V,
The relevant resonance states are determined by three
conditions as previously outlined;
1. Energetically some of the states will be much
-more accessible than others based on a calculation
of	 Req^	 as given in Eq. (36).	 The effect of
. i than
	
onethose states for which 	 K q	 is 1 ess 	  
per cent of the total 	 Kegi	 can be
L
neglected.
2.	 Of the energetically allowable states some
will be too sharp, particularly the lower lying
levels for a given	 j- which are excessively
long-lived, as determined by condition (35).
These form a bottleneck to the recombination
and can also be neglected.
3.	 The effective reactive cross section as
`..' defined by Eq. (19) for a particular resonance`
may be much smaller than for,^ome of the other
{
.„p
	
"177.._
36
Fig. 3. Manifold of Relevant Quasibound States.
The orbiting resonances ( L ) important in the recombination
theory are shown along with some neighboring quasi.bound and
bound states ( •) , The limiting curve for dissociation (LCD)
is also given. 25
}}
^
^
^
/
:
{
i
©	 k^^^
^ ! -^
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important resonances and hence, this state can be
eliminated.
The -calculation and comparison of each equilibrium constant
Keq is straightforward and follows from a knowledge of the
energy of each state (see Eq. (36)). For T < 300 0K I this
criterion eliminates most of the resonances as possible can-
didates. The other two criteria require a more detailed analysis
which is presented in Appendix A. Only a summary of the results
is outlined below.
After giving due consideration to the above restrictions
only 6 out of the total of 52 orbiting resonance state's play a
significant role in the rate expression at the given set
experimental. conditions. These six "relevant states" (designated
in Fig, 3) and some of their more important properties are given
in Table 1.
There are two interesting and important features to notice
about the relevant states. First, they belong to high vibrational.
levels (11	 v	 14) and high rotational,, levels (4 	 j	 13)
and thus
.
, there are two modes of de-excitation possible vibrational
and rotationals or both. The second and most important feature
is the unusually large "size" of the complexes.:, , For example,
each of the important states has an average internuclear
separation several times larger than a normal ground state
hydrogeti molecUle.( 4 0, v 0) for which the equilibrium
separation is 1.401 a.u.. Tke obvious implication of this feature
is that one would expect an enhanced reactive cross section since
the extended complex provides a Iarger effective cross section
39
TABLE 1
Characteristics of the Six "Relevant Resonance States" for Hydrogen
Recombination.
STATE i '^v E. c R	 (a. u. <R2`1/2(a.u.)
1 5 14 45.7 6.51 6.55
2 4 14 3.6 6.05 6.19
3 8 13 89.8 5.31 5.45
4 11 12 216. 4.86 5.00
5 12 12 387. 5.30 5.42
6 13 11 199.5 4.27 4.42
V,
a,
Yi
with the third-body M . There are also some more subtle and
important consequences of this extended configuration which
manifest themselves in the quantum dynamical problem of the
calculation of the reactive cross section. This is discussed
in later sections.
In summary, the six important scattering resonances are
listed and characterized in Table 1. The assumptions involving
them and the mechanism have been checked in the appropriate
Appendices. Since the equilibrium constants for each state
can be calculated from a knowledge of the energies and
degeneracies, the contribution to the recombination constant
can be written in terms of the only unknown quantity Cr ' 	 For a
given set of "experimental" conditions it is only necessary to
refer to Table l and Eq. (38) to obtain the following expression
for the tame constant.
40
/L L	 G
L	 .
x where
_
E .G
and	 gi	 s the nuclear degeneracy factor
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c
-fin.,
Also is,defined by'Eq. (4%b') which includes the electronic:
degeneracy factor and is "given for the special case of hydrogen
{
__
lip
Irecombination by
41
(40b)
with	 mM mH2 / (mM + mH2 )	 i is the Boltzmann
averaged effective cross section as defiled by Eq. (19) and
(16). The summation in Eq. (40a) is over the six states given
C. Reactive Cross Section
It has been shown that the reaction complex is a scattering
resonance (quasibound state) with a high vibrational and
rotational quantum number. The fate of such a species upon
collision with_a particle M has not been studied very
extensively 39 since there is strong coupling to several open
inelastic channels corresponding to transitions from one
vibrational-rotational level to another or to the continuum.
w
Even; if there were precise knowledge available for the
three-body interaction potential for 	 H2 1-M_, the exact quantum
..
treatment of the scattering problem is prohibitive computationally.
However, suitable approximate methods can be used to determine
	
i
which transitions are reactively significant and which are not.
10,12-14Consideration of previous recombination theories	 (and
also of the present study", suggests that a transition probability
for reaction (i.e. de-excitation) must be of the order of unity
w
in order to explain	 (-,,xperimental results.. 	 This is verified	 «s:
by the reasonable	 n^ am fiut with the experimental measurements
at room temperature if the reactive cross ` section is estimated
with a gas-kinetic value (see for example Table 6) . 	 Thus any
k
cal.cula;ed transition probabilities which are orders of
magnitude smaller than unity can most likely be disregarded.
With this in mind a systematic investigation of the
various possible inelastic events has been carried out with
y the ultimate goal. of isolating the most important open_ ?.
channels and thus greatly simplifying the problem of cal-
culating a reactive cross section.
1 77
Jbl
_
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The specific problem is to determine the fate of the various
H21 upon collision with M . For the collision represented by
L	 ,	 (41)
we must somehow calculate the probabilities of forming all
possible products consistent with the conservation of total
energy and angular momentum. The internal energy of H 2 1 is
*	 transfered into the kinetic energy of relative motion or vice versa.
One of the reasons for choosing to work at lower temperatures is
to eliminate the possibility of an internal transition in M
(e.g. molecular H2 )	 At the conditions considered, room
temperature and lower internal-excitations-rotational, vibra -
tional
.
, and electronic)-are subthreshold for the third bodies
studied ( Eth =- 364.8 cm 	 the rotational transition
j 0^ 2 of H2 )
The possible transitions for the collision of H 2 and M
z
are
1. Pure rotational, ,to a discrete bound state
or another quasibound stare
(j ) jr)4-H	 H ( I " -tr) 4-	 .r
2 Pure vibrational, a
fr
1
3. Simultaneous rotational and vibrational, as
4. Transition to the continuum via rotational
transition,vibrational transition or both.
44
(44)
(45)
The "!rotational" reaction mechanisrn represented by Eq. (42) is
a particularly interesting feature since a transition from the
continuum to the bound region -i,5 normally considered as a
vibrational one. However, in is entirely possible for reaction
to occur via pure rotational. relaxation. A graphic description
of these transitions ks given in Fig. 4 and 5.
The solution to a dynamical problem of this sort has
two distinct; parts. First, the interaction potential ofthe
H i`G M 'system must be known, and second, a suitable approximate
y
method for solving the scattering equations must be found. It
should briefly be mentioned here that the estimation of the
L
interaction potential is giTatly simplified by the extended
-	 nature of the collision coOjplex. In particular, the dumbbell
CFO 41
model' '	 should provide an accurate representation. The
r
detailed discussion.of this approach is presented in Section 2a,
of Part II C. With regard to the second,part, an excellent
review article by Takayanagi 39 covers the available approximate
methods for the problem of rotational and vibrational transitions.
.	 /
45
Fig. 4. Schematic Representation of Vibrational Transitions.
The quasibound, bound, and "box" continuum states are shown
schematically in the effective 1,:5 g potential for H2 cor-
responding to j = 5	 The placement of the Wall of the
reactive box at RMAX is indicated along with the mechanisms
for dissociation and reaction.
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Fig. 5. Schematic Representation of Rotational Transitions,
Possible rotational transitions corresponding to reaction
and dissociation are given in a representation sintilar to Fig. 4
Also indicated is a simultaneous rotational-vibrational transition
corresponding to reaction.
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An approximate distorted wave treatment, which is used in the
present work} is discussed in the next two sections.
For the purpose of examining the effects of transitions
from quasibound stares to the continuum we adopt the spherical
box model originally used by Fermi in his statistical treatment
of nuc'..eon-nucleon scattering. 42 A more recent application of
the statistLcal approach has been used by Horie and Kasuga 43
on. the dissociation of water. Instead of considering the con-
tinuous sett of states for the true potential one considers the
discrete set of states (representing in a sense the avarage
.continuum contribution) for the reactive box potenti al its
represented in Fig,. 4 and 5 The size of the box is determined
by the maximum in the effective potential RMA^ . As expected,
the effect of this artificial barrier on the bound and quasi-
bound spectrum is found to be small`. For examples the energy
shift of the quasibound state j = 4 ,, v = 14 calculated as
an eigenvalue is +15 cm 1 relative to the exact resonance
energy.
6
In effect what has been done by replacing the continuumm
with a set of "t,oked" bound states is to pick out an :average
continuum state every time another node of the continuum wave
:r
function has been compressed into the reactive well.,, and then 	 f
this state has been used to determi ne an average transition
probability corresponding to dissociation.
The important feature of the box model for the continuum
is its capability of showing the relative uraimportance of the
various d ssociat Me channels. The actr_tal implementation of 	 `;
i
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these methods and their results form the remainder of this chapter.
1. Vibrational Transitions
A practical approach to the problem of vibrational transitions
from the quasibound to the bound, region is with the distorted
wave approximation (DWA). other approxi.mations, while applicable
for certain limiting cases, such as the Born approximation at
high energies ' are unsuitable for,the present problem. The
DWA is expected to work best for low transition probabilities
since it is a first order perturbation type approach. For the
vibrational transitions encountered in the resonance theo::y,
the limitations of the DWA present no significant drawback.
The llWA and its application to vibrational transitions have
been discussed elsewhere]'1 ' 44 '45 and only the important results
are outlined here. 	 A more detailed discussion applicable to
this section is presented in Appendix D.
As a'point of caution, it should be noted that the usual
_
simplication of the DWA, i.e. the Jackson and Mott44 treatment y
,., (JM) is only an approximation_ to the true DWA.	 This has been
pointed out by Mies45 for the anharmonic oscillator case and
by Roberts46 for the harmonic oscillator. 	 Even for harmonic
systems the use of the JM formua can lead to very significant
differences from the-true DWA probabilities. 	 Since the quasi-
bound	 H2 1	 is an extremely anharmoni.c oscillator, we cannot
use the JM approximation-in this work.
For the calculation of vibrational transition probabilities
in #,te DWA, the .fo,llowing: additional assumptions have been made
.i
k'
t
oloo
-	
_
001 .
5.1
for computational simplicity
1. The H21- M collision is collinear.
2. The interaction between the incident particle.
M and the nearest atom of the diatomic H 2 is
of the repulsive exponential form,
VO-M 	(46)
M
i
where rH-M is the distance between M and the
nearest atom of 11,, 1 , and C= and 0 are the
potential parameters.
The nearest neighbor ' intoraction is hardly an assumption
due to the extended nature of	 H., 1	and thus the collinear
'r	interaction is expected to be dominated by the closest atom.
Withregard to the first approximation; a_ transition from'
the one-dimensional collision to the three-dimensional collision
'	 can be made via the "modified wave number" approximation and
v
47,48^^
the introduction of. a "steric factor o	 However, for the
present; purpose this turns out to be unnecessary.`. The collinear
orientation is expected to be the most efficient type of col-
lision to induce a vibrational transition. 	 Also, the DWA
treatment itself u sua`lly gives probabilities which are to©
i
I
large:
	
Thus both of `here approximations would be expected
i
to give an upperbound to the vibrational transition probabi lity.
The assumption concerning the exponential repulsive inner- m
action is made for mathematical simplicity and also because
'`	 one expects the repulsive region of the intermolecular p6tent.ial s
52
i
r
potential to play the dominant role in causing vibrational
transitions. Any attractive well between the third body and
H2 1 is expected to be so small as to be insignificant at the
energies considered. An exponential functionality is found both
experimentally and theoretically to provide a good representation
of the repulsive portion of the interaction. 49-51
The calculations of transition probabilities were performed
for a variety of potential parameters which in a sense bracket
the true potential, if indeed it were accurately 'mown. Thus
if we can obtain results about transition probabilities which are
only slightly dependent on the choice of potential parameters.,
then these results can be extended to the read. system. In
particular, if it is found that for a ll sets of realistic
parameters	 iL and OC the transition probabilities are
very small compared to unity, then, considering also the upper-
	
.;.	 _
bound nature of this calculation, it can be concluded that.
vibrational (and hence simultaneous vibrational-rotational)
relaxation does not play an.important role in the recombination 	 i
of hydrogen atoms
Calculaticns were performed,for a variety of collision
energies,^for two representative quasibound states of the six
important ones of Table 1. The state i = 1(j = 5 , v 14)
would be expected to have the largest vibrational transition
probabilities of any of the 'six resonances since it is
energetically the closest to its neighboring -vibrational states
both in the bound region and in the continuum (whose average
	
i	 statesare represented by the "box" model). Similarly the state
n.	
-	 „_	
_
5?
which should represent the other extreme and have'the lowest
transition probabilities to its nearest neighbors is
i 6(,j = 13 , v 11) with its corresponding bound and con-
tinuum states. The calculations were performed for a set of 3
reasonable potential parameters representing varying degrees
of hardness of the interaction. The results are given in
Fig. 6a-6h. The numerical details for this calculation are
presented in Appendix D.
In light of the upperbound nature of this calculation,
the immediate conclusion, based on Fig. 6a-6'd, is that vibrational
transitions are an unimportant mechanism for reaction. This
conclusion is essentially independent of the choice of
however, the most reasonable estimate is	 = 2.00 a.u. 1
The transition probabilities for the collinear DWA are
mathematically independent of 6	 as indicated in Appendix D.
Also within the framework of the "reaction box" model
"	 for the continuum it appears as if dissociation is
relatively unimportant (see Fig. 6e-6h). However, this is
not as clear cut as for the reactive transition downwards.
It is also evident that at lower incident energies (i.e.,
lower temperatures) the dissociative process will be less
important.
The somewhat surprising result of this section is that
vibrational transitions play a relatively unimportant role
in the deactivation of H2 1	This negative result is
important since it implies by the process of elimination the
importance of rotational;relaxation in the recombination of	 {i
i
t
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Fig. 6. Vibrational Transition Probabilities vs. Kinetic Enerpy of
Relative Motion.
a. v = 14	 13
b. v = 14	 12
C * v = 11	 10
d. v_11 --+9
e. v=14	 15
f, v., 14	 16
^p
g, v = 11 -- 12
J
h v 11	 13
Results are shown for three sets of 'hardness parameters:
CC= 1.5 a.u. 1 (	 )	 a = 2.0 a.u._
1
 ( A )	 and
4C— 2,5 a.u. 1	 Transitions downwards re?resent
reaction and upwards represent dissociation.
i
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hydrogen atoms. Tt.,,,e seems to be no special reason why this
result would not hold more generally for other systems, since
the main features which determined the relative unimportance
of the vibrational de-excitation mechanism for hydrogen Y such
as the large anhamonicity of tae highest vibrational states,
will also be significant in other recombining systems.
In concluding this section it should be mentioned that
one expects an enhanced rotational transition probability due
to the extended nature of the complex H2'	 The relatively
large internuclear separation of H 2 1 increases the angular
anisotropy of the H2 1 -^ M interaction which induces the
rotational transitions. In other words the effectwhich
decreases the vibrational transition probabilities would be
expected to increase the rotational transition probabilities.
Thus far we have employed negative results to isolate
and simplify the problem. Now that the most important
complexes as well as the most probable avenue of reaction
available to them have been identified, we must attempt to
compute approximate reactive cross sections.
2. Rotational Transitions
In the last section it was shown that vibrational
transitions from the quasibound 'states to the bound state
region are of insufficient probability to account for the
observed reaction rated The implication of this result is 	 ;x
that rotational deactivation is the principal mechanism
responsible for stabilization of H
	
The following s.ections< deal with2
the calculation: of the rotational de-excitation cross sections. 	 a
y ....
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Again the problem is twofold. First we must obtain a suitable
interaction potential for H2 i- X and then we must use an
approximate method to calculate the rotational cross sections.
a. Potential Surfaces
To simplify matters it is assumed that the reaction inter-
mediate H2 1 (referring as usual, to the set of six resonances
in Table 1) can be treated as a rigid rotor without any internal
degrees of freedom other than rotation. This simplifying
assumption is justified for two reasons. First it has been
shown that vibrational transitions are relatively unimportant,
R
and second, inspection of Table l indicates that the separation
of the nuclei in the guasibound states does not deviate much
from their average position, as evidenced by <R >_""  <R 2 1/2
The contribution or importance of quasibound to continuum
rotational transitions canbe estimated by the same box model
as was used for the vibrational-continuum transitions. However,
at the energies of interest (E ^ 210 cm-	 and for H2 1 the
continuum transitions are energetically inaccessible in the
'box`' model.
2 l/2
The quantity
	
R	 was taken to be the "average"
size of the rigid rotor for purposes of calculating an inter-
action potential, however
.
, use of /R
	
instead would have
little effect if any on the final results of the cross section	 -
calculation. This is numerically demonstrated in Tables 4 and 5.
l
_..	 r	 _	 a_	 ti, ._, _ __	 s	
-
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For further discussion of the interaction we will refer to
the coor4inate system illustrated in Fig. 7. The assumption is
made that the three-body potential for H 2 - M can be obtained
from the pair potential H ®M in an additive manner
V^ il 
_M —	
.2_ )
L — 
V(Yj ) 4- V(r
which is often referred to as the dumbbell potential 40)41 For
this particular system, the potential surface generated by the
dumbbell model is expected to be nearly as reliable as the pail
potential used to generate it. The primary reason for thhis
expectation is the unusual extension of the complexes. For
most configurations the third-body M interacts mainly with
only one of the atoms of the complex to any significant extent.
Only in the region near	 '`1,-^,.	 are both interactions
comparable and even in this region they should be approximately
additive. In other words, the main interaction is between one
H. and M with a slight perturbation due to tKe other distant
hydrogen atom, Even without specific knowledge of the pair
interaction one can easily surmise that the surface must take
on a concentric character about each H nucleus outside of
the region	 ^' t)'1;2- 	 thus allowing us to determine
the approximate angular anisotropy of the surface without an
detailed knowledge of the potential.. s,
For the case of M = H a spherically averaged interaction
potential." is assumed between H2lt.^ eq = 1.40 aeu.) and the 'R
atoms of H2	This assumption. along with the additional
f
.
.	
-
7-
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Pig. 7. Coordinate System for the Rotational Problem.
The distance r is from the ceizter of mass of the diatomic
H2 i to the third-body M .
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internal degrees of freedom of H 2 implies that the more
reliable-system from a theoretical viewpoint is M = He
However, since most experiments have been done for M = H 2 it
is desirable to study this case as a check on the theory.
For reasons similar to those outlined in the vibrational
problem it is convenient to represent the pair potential with
an exponential, form
V,	 (48)
It is a simple matter to generate a H2 1 -ti potential surface
numerically given the pair potential and using Eq. (47). Howe
ever,in order to calculate the cross sections the surface must
be parameterized in a simple analytical form. in particular,
the following expansion-has been used
N
	
V = V	
_P	 (49)
O
with V
	
s and a.. o = 1	 pn are the	 10
ndr polynomials , and	 are the anis o tropy parameters.Lege	 e	 ,,, 	 ^, n	 Py P
By symmetry arguments it is necessary to include Only even
Lagendre functions in the above e?^^ansion for a homonuclear
diatomic. it is shown later that this form provides a surf--
i
ficently accurate reproduction of the dumbbell surface as
given by Eq., (47) Usually an.expansion including terms up
to P2 suffices for normal diatomic-atom interactions as
implied by the calculations for normal. H2 He by Roberts 52
z ;,
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f
and more recently by Krauss and Mies. 53 However, this is not
the case for the peculiar diatomic H21 and M
	
For this
example it is necessary to truncate the expansion at a higher
order in order to reproduce the surface properly. At the same
time the anisotropy coefficients 
a'n 
are larger which in turn
enhances the rotational transition probability.
The general procedure is to calculate the H2 1- M contour
maps for the six important resonance states with a reasonable
exponential pair potential for the M-H interaction. The
potential of Eq. (48) is defined by two constants	 G( the
hardness of the potential, and C the strength parameter.
determines the classical turning point rTP of the H-M
pair for a head--on collision at a given relative energy E
by the relation
-^E,. (50)
*	 Reasonable 'values of 0( and E (or rTP) can be estimated
from purely theoretical calculations for simple systems such
as He-H49 and H2-H .54-56 Given a realistic estimate for
one can also estimate ir— from the gas-kinetic
^	
28data with Eq. (50). Unfortunately the direct determinations
of the potential. parameters via molecular beam techniques 4g v51. j57
have been carried out only for nergies much higher than those
`i	
considered here.
t.
A good theoretical ' estimate ( see Ref. 54^-56) of the H-H.
d
classical turning point at a collision energy E 208.5 Lm 1
;r.
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corresponding to 3000K is rTP00 = 4.5 ± 0.5 a.u.. Similarly,
the hardness parameter	 is expected to be about 2.00 a.u. 1
Fortunately, as shown in the next section ) the final calculated
results for k  are not very sensitive to tbe choice of either
C( or rTP00 as long as they are within reasonable bounds.
one would not expect the potential parameters for He-H
to be much different from those for 112 -H . The gas-kinetic
radius 0- would be expected to be slightly smaller for
He . The reader is referred to Table 2 which gives some estimates
of the gas -kinetic tali .28 (mostly from viscosity measuCements
at or near room temperature) for the systems of interest.
From these values it is possible Lo estimate the difference
in rTp00 for Hey H2, and Ar as third bodies with H2
which can in turn be used to calculate the relative effective-
ness in the recombination theory. (Ar has been included
since it provides a further check with. exj
instanced if rTp00 e_ !+.5 a.u. is chosen.
value for H2 then one would expect for
and similarly for Ar, rTp00 ^' 5.0 a.u. .
used to determine the relative efficiency
gases, there is no a priori reason for choosing a different
O( for any of the three systems considered.
The dumbbell contours for a most reasonable set of
parameters (corresponding to the three gages Hey Ar, and H)
are shown in Appendix E. These contours were then fitted
algebraically with a potential of the form*"Eq. (49) }  to
?eriment) For
as a reasonable
He, rTP
goo
	 4.0 a.u,
In the calculations
of these three
Y
TABLE 2
Gas Kinetic Radii of He ,  H2 and Ar
71 a
gas M Cr(a.u.)a f d	 C 2 1/2 b ka.u.)
He 4.86 -0.36
H2 5.58 0
Ar 6.45 0.44
72
determine the asymmetry parameters. Fits were obtained for
various truncated exprnsions. An expansion includ 4 ^.m even
terms up to and including P6 gives a very satisfac^ocy fit
to the dummbbell surface. A truncation including only the
usual P2 term is unsat sFactory.
in order to determine the possible variance in the co-
efficients	 0, n , the fits were done for several inner
and outer contours (4.0 < r TP(a.u,:'	 5.0) as well as
certain distortions of the contours. The relevant results
of this «calculation along with the reasonable bounds on ( n
are displayed in Table 3 for the six important resonance
states. The parameters given are suitable for H2) He, or
Ar as a third body.
In summary we have suitably fitted the dumbbell potential
for the H2i- M interaction ( M - He, Ar , H2 ) with a
simple analytical form. The three most important features
r
STATE : i a2(±.07) a4(±.30)
1 3.49 2.60
2 3.45 2.52
3 3.31 2.28
4 3.16 2.00
5 3.29 2.20
6 2.93 1.68
TABLE 3
Important Anisotropy Parameters for H 2 - M
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Given the analytical potential for H 2 1- M ? the next
aspect of the problem is that of calculating rc3tYational de
excitation cross sections of t21
b. Calculation of Rotational Cross Sections
The general theory of the scattering of rigid rotors by
atoms has been developed by several workers 58-71 and reviewed
recently by Takayanagi. 39 Since the exact treatment usually
proves to be intractable, except for normal hydrogenic
systems, 72.,73 an approximate method known as the distorted
wave approximation (DwA) is usually used for calculating
rotational transition probabilities. However, even this
approximation can become prohibitive computationally when it
is necessary to calculate several thermally averaged cross
sections for high rotational states. 73 Fortunately one "iias
available an even simpler analytical approximation ., which is
comparable in accuracy to the DWA, i.e the approximation_
derived by Takayanagi 74-76 knownas the modified wave number
(MWN) method. This approximation can be checked by comparison
with a restricted-DWA due to Curtiss and Bernstein. 7 7 It is
then possible to arrive at an analytical expression for the
transition probability which yields good agreement with the
distorted wave results.
In the following sections the methods used in calculating
the reactive cross sections for recombination are derived.
An outline of the resultsof the restricted distorted wave
treatment (hereafter referred to as RDW) is presented below.
_
14
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The notation used is that of Arthurs and Dalgarno.58
The total degeneracy averaged cross section for the
rotational transition j•-:► j' at a given kinetic energy of
relative motion E can be written in terms of the S-matrix as
l	 j 51
where J is the total angular momentuma (J j + 2) , ,2 is
the orbital angular momentum of the H
2 
i- M collision (cf.
difference with previous usage concerning the resonance states
formed by the atom-atom collisions), /-- is the three-body
2	 E 1/2
reduced mass, and k.--^-- is 'the incident wavejj
number. In the DWA limit the modulus squared of the S-matrix
element is given for a particular C(,n by
r
76
v^
0
where V0 (r) is the orientation averaged potential obtained
from expression (49), and the w's are solutions to the un-
coupled restricted distorted wave equations
6( j- 
	Q	 (54a)2	 V C z^
di-
and
0^ L	 Z	 ^1^,^^^^ 	 a	 r	 ►-)	 (54b)
z
with the asymptotic boundary conditions
and
The difference between the restricted approximation and the
fl,
usual distorted. wave approximation is in the use of a spherically
averaged potential V0 (r) in place of the so-called distortion
potential
..
MIN
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V,t =	 I V1 1 1 ,C> (55)
r
It is possible to write the total rotational cross section in terms
of the transition probabilities as follows:
o^ i
CF( , )	 Ir P^ (56a)
where P^J J represents the j ^► j' transition probability
for the ,-th partial wave. Eq. (56a) has an obvious semi-
'classical counterpart upon making the equivalence between the
impact parameter and the orbital angular momentum quantum number
b k.
J
 ^ I + 2 . 'Then replacing the summation in Eq. (56.a)
J
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r
4 ­A ' -M,
where p D Q )
Thus the RDW procedure.
number of differential
also simplified the sui
It is possible to
is the well-known 3-j symbol.79^80
requires the solution of a smaller
equations such as Eq. (54), and has
mmations (cf. Eq. (51)).
obtain yet a further simplification by
assuming
.Q^ }
then using the normality condition
(02 -^ J- ^'	 (59)
p_ d D
to obtain
- -	 - l°	 I	 50
This !'symmetric assumption" (Eq. (58)) has been checked
numerically and shown to be valid to within a few per cent
for the exponential potentialand the conditions of interest,
	
l
as summarized'in Appendix F
i
One of the major drawbacks of the DWA is the wellknown
i
lack of unitarity. The diagonal elements of the S-matrix are
all unity so that	 5Jr a) lThis leads to the physically absurd consequence P^	 which
79
in turn leads to an over-estimation of the inelastic cross section.
In order to correct partially for this difficulty, the following
truncation has been invoked. If a calculated value of
PRi1i > 1 , then it is set equal to unity for the purposes of
computation.
When P 	 is near unity, the system is in the - "ron..
coupling region (see Ref. 68 for a discussion of strong
coupling). This simply means that all inelastic events which
are strongly coupled and energetically allowed will occur.
Fortunately for the case of H2 1 at reasonably low temperatures,
the only feasible inelastic event is rotational deactivation
corresponding to reaction.
It should be pointed out that in the exact solution 39 as
well as the DWA or RUW limit only even Oj transitions are
allowed, that is Aj = ± 2 , --4 , etc.a Since the only reasonable_
inelastic events are reactive (for the case of the six H i a2
transition of	 Oj = -2	 is always to the bound state region)
'r{ assuming that the probability is unity in the strong coupling
;,. limit when	 P 	 J > l	 should not introduce any great error in
the final results for a rate constant.
Some typical probability curves of the rotationally
reactive transition	 j , --> j -2 for the six important quasibound
states are displayed in Fig. 8.	 These plots are the results of
the numerical solution of the differential equations (54).
The necessity for truncating the distorted wave probabilities
:t when	
p^JJ	 1	 is apparent from Fig. 8.
f
N
^I
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Fig. 8. Rotational Transition Probabilities P^J 	 -2 vs.
in the Restricted Distorted Wave Approximation.
The alternate abscissa shows the classical impact parameter
b = (I + 2)/k^^ (a.u.)	 The calculations were performed via
the RDW approximation for M - H 2 and the following parameters;
a2 = 3.47 ; a4	 1.96	 O( = 2.0 a.u. -1	and 
rTP	
4.0 a. u.
De-excitation transition probabilities are given for each of the
six (i) quasibound states for an incident kinetic energy of
I	 E_210cm1 .
Jw
I
I
.ri	
I
c
•	 t	
,
Nn
OD
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rEven with the simplification of the RDW ,  using exact
numerical solutions of Eq. (54) to obtain several cross sections
would prove to be costly. Thus Takayanagi's MWN method 74-76
which yields an analytical approximate solution appears very
worthwhile. A brief outline of this method is presented below.
Suppose for the case I 0 , the solution of Eq. (54) is
known and that the integration to obtain QR`O is possible.
Then, using Takayan.agi's approach the general Q19 can be
estimated with the use of modified wave numbers defined by
,/x /
where	 `	 VIP 4, <R :') /,Z for the i-th complex and
rTP is the classical turning point for the H-M interaction
Or-
potential (Eq. (4$)) determined by
(61.b)
(62)
8r'
(6la)
This approximation S imply replaces the variable quantity
^(,0+1) /r 2 in Eq. (54)" with the constant term 1(1+1) 
ri 2
To obtain the 2-th partial wave contribution to the cros s
r
section the following expression is used for the probability
I
(63)i	 ^
.j
4190A MWO
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r
Thus in the MWN approximation, given a solution for I = 0
(preferably an analytical one) it is possible to generate P9Yj
for general X and hence obtain a total cross section from
Eq. (56a) .
For the exponential interaction
rx r
V(k)
	
_	
(64)
e
the homogeneous sol.u^ions of Eq. (54) with the proper boundary
conditions and I = 4 have been given by Jackson and Mott 44 ^s
 
(65a)
&o- ^	 1 ,	 Ca (65b)n
Ax
^-	 e7'
(68)
Then it can be shown 44 that
Q	 -^
	
(67)
and for the probability of transition j -a ► j' y from Eq• (60)i
84
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Since the a6 contribution is negligible it is not included in
Eq. (69). This formula along with Eq. (56a) and the PY,JJ
 2
truncation procedure serves as a simple tool for calculating
the reactive cross sections.
A somewhat surprising fact is the good agreement between
the results of the simpo MWN expression (Eq. (69)) and the
numerical RDW solutions. In Appendix F the two methods are
compared for a reasonable set of parameters. The difference
between the two methods is smaller than the probable accuracy
4	
of the DWA itself (see Ref. 72). in light of the obove results,
the computations in the remainder of this work have been
carried out via the simplified MWN approach.
Two immediate results can be obtained from the MWN approxi-
mation.. First, even though there is direct coupling to higher
order transitions, Aj = -4, -6 (positive Aj values are
energetically inaccessible) by the coefficients a4 and a6
respectively, the Aj = -2 transition is the dominant one.
The others are negligible since Q, becomes very small for
the larger energetic separations of the Aj = -4 1 -5
transitions and also because a4, a6 < a2 	Thus a cal-
culation of 0 (j -aj -2) provides an accurate measure of
the total. reactive cross-section. The second result is that
not only a2 but also a4 and a6 contribute *_o the
L1'	 2- transition. However the effective contribution.
from a4 is an order of magnitude less than from a2	 The
contribution from a6 is negligible. The implication of	 i
86
this result is that the larger uncertainties in a 4 and a6 will
have only a small effect on the accuracy of Cr ( 	 -2)
In sumaary, the most important transition from a given
H2 1 is Aj = -2 and it is essentially determined by the a2
coefficient.
An interesting but brief comparison between the MWN cal-
culation and the usual gas-kinetic estimate of the cross section
is presented in Appendix F.	 The gas-kinetic result gives an
upperbound to the reactive cross section (and hence rate) since
it assumes that if	 H2	is struck by	 M	 it reacts.	 That is,
K	 2
A point to note (see Appendix F) is that the gas-kinetic
limiting cross section is practically attained for some of
the important resonances for this particular set of conditions
(E ,-- 210 cm l 	 corresponding to 302 0K) .	 The difference between
the gas-kinetic and the computed results would be expected to
become more serious at lower temperatures where the calculated
transition
-2
 P^^ .era
	
are significantly less
than unity (over the entire range of 	 I)	 for many of the
complexes.	 Also, this region of lower temperatures (i.e.
decreasing	 P^i 	 ) is where the MWN results should
improve.	 A detailed discussion of the difference between the
M
gas-kinetic estimate and the modified distorted wave results
u
and the consequences thereof on the low temperature behavior
h of	 k	 appears in the next secs%ors.
r{
3
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As a further simplification for calculating the effective
cross sections, it can be shown that it is not necessary to
calculate several cross sections in order to perform the correct
Boltzmann averaging as in the definition (}" i (see Eq.. (16)),
Usifng a single cross section (for each state i ) calculated at
the incident energy E = kT proves to be reliable and of course
time saving. A comparison of the thermally averaged cross
section with the monoenergetic result is presented in Appendix G.
Also, in the next section some test calculations verify (cf.
Fig. 10 and 11) that the monoenergetic approximation is reliable.
In summary, a simple method of computing semiquantitative
reactive cross sections (i.e., rotational deactivation
probabilities) has been derived and checked. The calculation
of d' ( j', j) is, of course, the weakest link in the 're=
combination theory; however, the method employed appears to
'`.	 be the only practical way of computing it. One compensating
feature is that at lower temperatures where the usual gas-
88
D. Results and Comparison with Experiment
In the last section a simple and practical method was
synthesized ., from several approximations, for evaluating the
rotational de-excitation, cross sections and thus k r from
Eq. (40). The anisotropy coefficients an and some reasonable
estimates of the potential-parameters r TP
300 andCx have
been presented in Section 2a of Part IIC. All of the
assumptions of the resonance theory have been justified for
the special case of H+H recombination up to the calculation
of the reactive cross section. The weakest part of this
treatment is the calculation of (5- (j",j) which was estimated
via a modified type of distorted wave approximation (Eq. (69)
and (56a)).
The objective of this chapter is to present the results
of the c- 1 culati ons of the resonance theory and implicitlyCLA.
check the methods used in calculating the cross section by
comparison with experimental data. 	 The values of the anisotropy
coefficients	 a	 used in all of the calculations of thisn
section and in Appendix G are given in Table 3.	 The reasonable
3
estimates of	 and	 rTP
00 	 given in Part IIC ., section 2a9
have been used as guidelines, for these calculations.	 Althotigh
results for only	 k	 are given in this section, the individualr
effective cross sections for each of the 	 i	 resonance states
are tabulated in Appendix G.	 Unless otherwise indicated, the
calculations were performed in the monoenergetic approximation,
j(kT)
p.
AMMON"* 00'10^
I
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The most reliable system, experimentally, is
Due to internal degrees of freedom of the third body, H2 , this
is not the most suitable system from the viewpoint of theory,
However,, it is the only one for which more'-than one set of
experiments have been published. l-11 Several computations
were performed for this system corresponding to various sets
of potential parameters and for T = 300°K . The difference
in the computed values of k  for various sets of realistic
parameters for H2 as a third body are relatively small, as
indicated by Table 4.
Since He as a third body is a theoretically more
amenable system (i.e. it does not possess rotational and
vibrational degrees of freedom as does H2 ) a similar set
of calculations were carried out for it. The results are
presented it Table 5. In fact, M He is the simplest
problem from a theoretical viewpoint. Although M H
might appear to be more tractable, it is not; the exchange
mechanism (see Eq. (4))could play an important role in the
recombination kinetics. We can conclude from Tables 4 and
5 that kx is not critically dependent on the choice of
potential parameters.
jj
11
-
FABLE 4
Termolecular Rate Constant for M = H2 at 3000  a
(,X (a. u.  r ,p	 (a.u.) 10- 5kr (am6 mole-2 see-I
2.00 4.0 4.0
2.00 4.5 4,6
2.00 5.0 5.2
1.75 4.0 3.8
1.75 4.5 4.3
1.75 5.0 4.9
w
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TABLE 5
Termolecular Date Constant for M = He at 3000 a
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0((a.u,^1)	 rS oo P (a.uo)	 10.,1'5kr (cm 6 mole -2 sec-1
	2.00	 4.0	 303
	
2.00	 405	 3.7
	
2,00
	
500	 443
	
1.75	 400	 3.1
	
1.75	 445	 3.5
	1.75	 5.0	 400
z
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In Fable 6 are lasted the most significant experimentally
determined values of k  to be compared with the theoretical
calculations (T = 300 0K) o The two theoretical entries of the
present calculation refer to the modified wave number result
and the upperbound gas-kinetic estimate. Although there have
been several other experimental investigat ons p 1-1 the ones
listed represent the most complete and accurate determinations,
Amdur's data analysis, 7 although the earliest of the ones
y
tabulated, is probably the most complete from a mechanistic
viewpoint. Amdur analyzed his results with respect to several
mechanisms including both first order and second order wall
reactions and the effects of hydrogen atoms as third bodies.
For all of the reasonable mechanisms studied his results are
relatively consistent for M = "2 a
Although the experimental rate constant determined by
Kretschmer and Petersen 10 is given with only a small experi-
t-	 mental uncertainty, their results are to be taken with some
caution since they used a different definition of the re-
combination constant and thus erroneously conclude that
their results agreed with Amdur'so7
The recent experiments by Larkin ll represent the most
comprehensive investigation to date. One of the most -
significant features of this work is the study of the effects
of small traces of impurities in the parent H2 gas. For
example, the traces of water necessary to achieve high
dissociation levels ofH2 in an electric discharge apparently	 1
cause an increase in the recombination constant by as much as
r
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TABLE 6
Comparison of Experimental and Theorel.ical Values of the Termolecular
Rate Constants for M = H2, He, and Ar at 3000K .
Reference	 10- 15kr (cm 6 mole-2 sec-1)
r
M=N2
Amdur7
Kretschmer and Petersen 10
Larkin 11.
Present Calculations via
Resonance Theory
1, MWN"
2. Gas Kinetic
Benson and Fueno 18 C3lculation.s
via Cascade Theory
Kretschmer and Petersen'%a1-•
culations via Bunker's Theory
5.2 + 0,4
8.9 + 0.4
3.4 + 0.8a
6.0 + 0.5b
4.6c
7.8
3.6	 17.9d
6.8
v
is	 11
h2 .4 + 0.4ba.
3.3 e
5.9
ILarkinll
Present Calculations
1 MWN
2. Gas Kinetic
Larkin II
Present Calculations
1. MWN
2. Gas Kinetic
2.3  + OAj+a
4.0 + 0.4b'
3.2f
6.8
TABLE 6 (Cont.)
Comparison of Experimental and Theoretical Values of the Termolecul.ar
.ate Constants for M = H2 ; He. and ,Ar at 3000K .
Reference
	 10" 15kr (cm  mo le -2 se q. `a 1)
Ti--He
ObJ
1z-Ar
a) Very pure and dry parent gas.
b) Traces of	 H2O	 present.
c) MWN calculation for 	 = 2.00 a.u.- 1	and	 r 0^o - 4.',,	a. u.
d) Different values correspoYrd to different estimates
I
o	 -the cross section.
e) MWN calculation for 0( = 2.00 a.u.- 1	 and	 r p°	 = 4.0 a.u.
f) •MWN calculation for ^ = 2.00 -1	 _a.u.	 and	 Y
300 5.0 a.u. 
P
i
I
4W
r
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a factor of two (see Table 6). Larkin also found that traces
of impurities cause An anomalous temperature dependence of the
apparent rate constant -which -could be explained in terms of a
wall reaction.
Unfortunately Larkiii is the only experimenter who has
performed the recombination experiments with "dry" gas. , . *.,S;
it appears that the Iflexper :menu I values" - are not known to
better than about a factor of two in spite of the small experit
-mental uncertainties= quoted fox ,each set of experiments. In
light of this fact; 'the check- of the °theor ' etical results with,
the experimental ories (Table 6) ks as good as can be expectndl.
It is interesting .'to note' that Ai ►-y realistic choice of th,,-f
potential parameters givds'' Lteag6nabl&" Agreement i e- , wfthiv
the above-mentibned'^experimi--ntal- ' uricertairitids'o':E a'factdr'of
two*
Table 6 a* rg o - list S` soine other theoretical calculations
0	 of the rate constant.for : ft+H 'iedombinatioin'  and H2 as A
third body. Of the ' -*s'Overal`pt levidus ­theore' tical ­ studies 'of
termolecular recombiriai fio"n- 7 diity `tw h ' '6^ beena av	  quiinti'taEivd1y
applied to the hydrogenic system. On the one hand ) Benson,
18and Fueno	 ha-.re prcio .a"-s--e'd°a, --.c-asda:de` ,,'ihoddI ', for' recoinblnati6rv`
in which the tea' e' ffdri od6drs"by'"4 '- -s* `ee6 0'wi 6e xde­' At tivati&;i rcriir*`
the continuum ter:the l.h3-ghest ,vzbtdei'o'ndl: IdVels. z Iftl',theTY,
treatment 1r	 fia g,-np simple ,,"temperiiture' ._d6Oeiid6nc?t biit Olb
the average T" -j I" Thd 'other , call-,-
culat ion f or H+H " was _re9 s ^nki;ai lly­ an , ei xtefigio` h '-6f - Bunk6r '9
14	 10theory by Kret zchmer and Petersen. 	 Both of 4.1-.e above
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formulations were case in a classical, framework and used a gas-
kinetic estimate of the reactive cross section. In spite of
the approximations involved in the above two-theories, the
agreement with experiment is still good, as evidenced in Table 6.
Unfortunately neither of These treatments explored the. low
temperature region (T < 300°K) .
Also of importance is the prediction by the resonance
theory of the relative importance of the third bodies He, Ar,
and H2 which agrees with the experiments (sec Table 6).	 +
However, the theoretical difference between He and Ar is
insignificant due to the approximate calculation procedure
used to compute	
2.
Since :here is presently only ors
experimental determination available for these third bodies,
we are not provided with a very critical test of the theory.
Theoretically He and Ar- are expected to be less
efficient than H2 for two reasons. One is the difference
I'	 in the reduced mass as explicitly manifested in Eq.. 141))..
The gather reason is the difference in cross sections, due
t1	 to the differences in,; the reduced mass and potential
300parameter rTP
Although Larkin 11 investigated the experimental
temperature dependence of the recombination rate constant
for M = H2 , He, and Ar, the only.valid results for the
homogeneous gas phase reaction were for M Ar	 Asa
final check of the resonancF- ,theory, the experimental
results at various temperatures for the third-body.-Ar are
.t {
r
i
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shown in Fig. 9 along with the computed curve. The comparison
between the theoretical and experimental temperature dependence
is very encouraging.
The above tabulated data represents the presently available
experimental check of the resonance theory at room temperature.
The next objective is to investigate some of the predictions
of the theory.
The temperature dependence at low temperatures is especially
interesting for theoretical reasons. First the modified
} distorted wave approach, employed in the calculation of the
effective cross sections, is expected to improve in accuracy
in this region of lower transition probabilities. 	 Secondly,
this region is interesting because of the increased difference
between the cross sections calculated via the MWN approximation
and the gas-kinetic estimated values. 	 Finally the overall
temperature dependence as well as any possible unique low
temperature behaviour could serve as a critical check of the
r
resonance theory of recombination.
Calculations of the temperature dependence of	 kr	 were
carried out for both	 He	 and	 H2	using a "most reasonable"
set of potential parameters.	 Fig. 10 and 11 show curves of
kr(T)	 for the three following cases:
1.	 The gas-kinetic estimate for the reactive
cross section (Eq. (70)) employed in Eq. (40)
for
	 kr
t	 ;
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Fig. 9. Comparison of Theoretical and Experimental kr(T)
for M = Ar
The experimental values are due to Larkin, 11 and the
computed values are for the following parameters; OC = 2.0 a.u...1
and rTp00	 5.0 a.u. .
r,
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Fig. 10. Theoretical kr(T) for M = H2
The potential parameters used are: C? = 2.0 a.u. l ; and
rT3p00 = 4.5 a.u. .
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Fig. 11. Theoretical kr (T) for M = He
The potential parameter, used are: 0( = 2.0 a,.u. w1 y and
rTp 0 = 4.0 a. u.
a
I
.	 e
...H_,. ETC ' ^ .•.^^.^.^.	 r .. _	 ... _. _	 -	 _	 -	 —
2two
M
Y
ZQ3
104
2. The MWN method used in the monoenergetic approxi-
mation for the reactive cross section for k
r
3. The reactive cross section in t:he MWN'approxi-
mation used with proper Boltzmann averaging.
There are two main points to be noticed about these curves. First,
it seems sufficient to use the monoenergetic approximation
(E = kT) and avoid the considerable added computational burden
of the Boltzmann averaging. Second and more interesing is the
difference in the results of the gas -kinetic estimate of
kr (T) and the MWN treatment, The latter predicts a maximum
in kr(T) at low temperatures. The gas kinetic result also
peaks but at a very much lower temperature, i.e. ca. 50K
This "anomalous" reversal of sign of the activation energy is
predicted to occur in an experimentally accessible temperature
region (i.e., in the liquid nitroger< region). This suggests a
crucial experimental check on the main features of the
0
theoretical calculations.
Since the observation of the maximum in the rate serves as
a critical check of the theory, several calculations were done
I
for different sets of potential parameters for both He and
H2 as third bodies to determine the effect on the peak position.
As shown in Fig. 12 and 13, the maximum for both cases (H2 and
He) shifts very slightly from one set of reasonable parameters
to another. The relatively small dependence on the choice of
i
potential parameters is a very important feature since precise
values of these quantities are not presently available.
`	 i
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Fig. 12. Variation of kr (T) with Potential Parameters for M = H2	 i
Computations are Presented for the following set of parameterz:
a) O( = 1.75 a.u. -1 	rT 0 = 4.5 a.u.
b) 7 = 2.00 a.u.-1 rT3P00 = 4.5 a.u.
0 O( = 2.25 a.u._1 rTP00 = 4.5 a.u.
d) O( = 2.00 a.u.-1 	 rTp00	 4.0 a.u.
•
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Fig. 13. Variation of kr (T) with Potential Parameters for M He
Computations are presented for the following set of parameters:
a) 2.0 a.u. -.u. 1	
r'r300 - 4.5 a.u.
b) CX	 1.75 a.u.-1 	
rT
3300 = 4s0 a.u.
4^) O(	 2.00 a.u.-I 	 rT3300 = 4.0 a.u,
d) O<	 2.25 a.u. -1 	 rT3300 = 4.0 a.u.
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The origin of the maximum in the rate is associated with the
very important resonance stage i = 1 (v = 14, j 5) . Neglecting
any minor temperature dependence (.e., ca. 15% change for
50 %' T (OK) ,<' 100 	 see Tables 19a and 19b) on the reactive
cross section for this particular complex, the temperature
dependence arising from this state is determined by the Boltzmann.
factor modifying the gross T_ 1 factor in Eq. (40). In
" .El/kT
particular, for a "one-state" probJ em, k 
r 
T e
then T
max	 iE /k . Here B z. =- 45.7 cm- 1 so that T max = 65.80K
which agrees well with the position of the maximum in the fully
computed curves (Fig. 10 and 11). Thus experimental observation
of this peak would provide decisive evidence in support of the
resonance theory, and in particular demonstrate the importance
of a specific quasibou:nd state in this energy region. In light
of the above discussion, the low temperature region would _appear
to be a very fruitful area for experimental investigation.
In summary, the resonance theory of termolecular re-
combination applied to
110
E. Conclusions
The resonance theory of recombination appears to be successful,
at least as applied to existing experimental data for the
tneoretical.ly amenable system of atomic hydrogen. It has also
been shown to have predictive value, suggesting inte testing low
temperature behavior for kr (T) .
The following are the most important conclusions to be
drawn from the numerical investigation of H+H recombination:
to Orbiting, resonances ( quasibound states) are	 4
of fundamental importance in atomic recombinarl,on
processes at low temperatures	 0(T < 300 K)	 Of
the entire calculated quasibound spectrum fox.
Hz only six states are important as determined
by energetic and lifetime considerations.
2. Rotational relai ,ation of the complex (quasi
t`
bound state) to a bound state is responsible
for reaction. Ti',ws, calculations of the
probabilities of rotational de-excitat ion
provide an estimate of the effective reactive
cross section.
30 The gas-kinetic approximation overestimates
kr (obtained by a modified distorted wave treat-
ment) by nearly a factor of two at 3000K. The
i
discrepancy increases at `Loser temperatures as
^.
	 the computed de-excitation probabilities become
much less than,^unityn
Mi
- 
r
4, The : steady. state, ass mgti o}^
 : a ^ ° fide S1 ^ t^ ? fe ' a: ^t m o
mechanism have beer,#nvmer ,^G&LJ;y -&gittt4ked^ fc? sr: ?s y ^ + ^ r ° .L o
experimental conditions	 eJs6ki i. i+iV':"
The two new features of this work are the quantum analysis of
the reaction compiex and the ultimate use of this ab in.itai.o
knowledge to calculate the reactive cross section.
There are several assumptions imbedded in the theory which
for the most part have been ,justified. The weakest pant is the
calculation of the cross section using a modified distorted
wave approach which seems to be the beet_ presently available
method. When better methods of dealing with the multichannel
scattering problem (including the dissociative process) become
available, they can then be directly incorporated into the
1 '!dory at the level of	 i in order to improve this cal.
culatione The inclusion of the effects of the continuum (i. e
collisiunal dissociation ref, the quasibound complex ar;d re-
combination directly from the non-resonance continuum) will
a
permit the theory to be extended to higher temperatures where
both processes are, expec t e-d..to-,, p.lay...a ,more signifi ant roles
The resonance theory may readily be applied to the calms
culation of other recombining systems (as l.onF as the
assumptions of the resonance theory are valid), both as a
further check of its validity and as a means of prediction.<
The present theory does not seem critically .dependent on the
potential parameters; nevertheless a more precise knowledge of
these quantities ., though not necessary ., would seem desirabl.eo
This would be more important ..af i.er better mefihods fox
..A	 gin,
ill
rcalculating the reactive cross section are developed and experiments
greater accuracy and over a wider range of conditions become
available.
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PART III. APPENDICES
A. Relative Importance of the Quasibound States in the
Recombination of Hydrogen Atoms
Using Eq. (33 and (36) the relative contribution from none-
resonance continuum states caa be written as
N&n - Pis
rM4X (^T)	 (73)
o
where Pi is the Boltzmann factor (including the degeneracy
factor) as defined by Eq. (40) and the summation is over the
six important resonance states given in Table to mN is the
mass of the hydrogen atom, r	 is the size (i.e. average
internnelear separation) of the uppermost bound level to	 -
which the continuum state must decay, and t-Non dRe s is
t the time the free atom pair spends-within a separation
R r ,Ax	 Since the expectation value of the kinetic energy*
e > was calculated as a byproduct of some of the quasi-
bound calculations 9 which in tuna gives the scot mean sgaaTc
reiative velocityof the atom pair , an estimate of rNon-Res
,,,^	 P	 ^ (or ^ vib o ) is available Assuming l on Rest 2 rMAXI O , v2> 1 2 9
one has
1
Av ^µtK'	 (74)
^L
x;	
-
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Table 7 lists several estimates of k Non-Resr	 /kr Res for various
temperatures and the two quasibound states i = 'I and i = 6 .
For these two cases we have set x__.__	 k 2,*) 1/2 and thus
the two extremes are represented(see Table l). The important
conclusion from Table 7 is that resonance states represent
the most important contribution to the recombination rate for
atomic hydrogen. While the value of krNon-Res,krRes for
state i = 1 at 300°K is not as small as we might have liked,
it should be recalled that this does represent an upperbound. 	 "w#
In obtaining the above estimate it was assumed that the
probability of reaction from the true continuum to the bound
states was equal to that for the quasibound to bound transition.
Also, the state i = l has the largest internuclear separation
s,
R 
1^,2 
of any of the six important complexes (the average
ry
z
separation of the 6 quasibound states is 5.43 a.u. compared to
°E 6.55 a.u, for i - 1). Inspection of Table 7 indicates that at
x,
a	 higher temperatures the non-resonance contribution increases
t	 and should eventually dominate the recombination rate.
r
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B. Tabulation of Hydrogen Quasibound States
Table 8 and 11 present pertinent information for the 52
quasibound states of the hydrogen molecule in its ground
electronic state	 The entries which are discussed
045below were calculated using the WB program and the clamped-
nuclei potential of Kolos and Wol-niewi. SS
Here j and v are the rotational and vibrational quantum
numbers of the 4- th quasibound state. E i is the resonance
energy ( relative to the separated atoms) determined by scanning
the energy dependence of the phase shift	 A resonance
occurs when the phase shift undergoes a rapid change of
over a relatively small inc2ement of energy. The lifetime of
the i-th state is
(75)
al^
Wax
and the corresponding energy width is T	 The
unnormalized Bolt=ann factor P. i s defined by Eq. (40) for
the hydrogenic system. RMAX(J) ( ,given separately in Tabie 10)
is the position of the maximum in the effective 1	 potential,
9
RMAX is used as the upper limit of integration for determining
^Rn ^ ll
n
 
for the iquasibound state. The values of
IAVL
)04	 (76
Rr­_7^
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were obtained by numerical quadrature from the appropriate wave
functions. The lifetimes and widths for the broader resonances
(as given in Table 11) were calculated from the phase shifts
near the resonance energy. For the sharper levels, the more
economical semiclassical JWKB method was used, which is
expected to be of adequate acc-aracy for the states more deeply
located with respect to the centrifugal barrier. This method
is discussed in Appendix C along with the results of Table 11.
Three comments should be made re garding the relative
?I*-	
a
accuracy of several of the entries. First, the choice of
n>l/nR MAX as the limit of integration to compute ^^,R 	 is
both a convenient and natural one. The use of a larger limit
of integration does not produce any significant effect on
the average size of the complex as long as the limit remains
within reasonable bounds and within the classically inaccessible
regiort of the rotational barrier. Second, the accuracy of
the E i values is quite sufficient to determine pi with
adequate precision at normal temperatures. Even a deviation
-of 10 cm I would not significantly alter the results. Since
the KW potential is accurate well within these bounds and the
computations of E I, are at least this accurate there will be
essentially no error introduced-by a small discrepancy in
E	 The final point is ,that although the lifetimes (and hence
level widths) are perhaps only good to within an order-of-
magnitude, the. effect of this inaccuracy is small since the
lifetimes a-re used only as an order-of-magnitude
-
check on the
steady-state assumpt 4,.on.
_W
F^
Using the results of :'able 8 it is po?sible to identify
those states which a,.e important in the resonance theory of
If atom recombtnation. First, it is annarent that the majority
of the duasibounds are enerpstic.ally el' _ainated at T < 3000K
since their Bolta.tnann factors Pi oecome vanishingly small.
The second, lees direct source of elimination is the steady
state criterion, Eq, (35), and its c..iverse implication that
the very narrow long-lived complexes :arm a bottleneck to the
reaction and are thus unimportant. For the case of hydrogen
the condition for maintaining equilibrium from Eq. (35) is
118
.4
(77)
T ^i
where ^'	 is given in seconds, 0 , i.n	 2
l_	
,	 p is the
1
pressure in Torr, and T is 0 	 The states for which the
reverse of inequality Eq. ('7) applies can be neglected on
the grounds that they form a "bottleneck" to the reaction.
The experimental conditions of interest are the following
T ^ 3000K and 0.5 ^ pTorr C 5 . To eliminate some of the
resonance states for the entire range of conditions given,
we have taken T - 3000 	 p = 0.5 Torr , anc CJ"i = 5 A 2 .
if ET- i is any smaller than this value then that particular
state would not be important_ in recombination anyway, and ti:
is not necessary ro eliminate it on the grounds that it is noc
maintaining a stead_3-sr_ate distribution. Using Lhe converse
of Eq. (77) for the above c'ondi.tions, we p an eliminate those
ft
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states for which `` i i	 3.4 x.10- 7 sec	 'Using this condition
and values of Pi at T = 3000K it can be concluded that for
the given experimental conditions only six.states at most
contribute to the rate expression, Eq. (40). From the calculation
of Pi and the equilibrium criterion discussed above, more
than 95% of resonance contribution to the rate can be attributed
to the first six listed states in Table 8.
Teble 9 gives some important properties of the six
relevant states, i.e. lifetimes, calculated reactive cross
sections (,see Appendix G), and "critical lifetimes" as defined
by
'	 (7$)
fQr p 5 `lorr . Inspection of Table 9 shows that
crit.
and hence these six states unlike
many of the others which have been eliminated) can be treated
in the stead;-state assumption.
STATE i j v <R> (a.u.) <R2 ` 1/2 (a.u.) Ei(oml)
1 5 14 6.51 6.55 45.7
2 4 14 6.05 6.19 3.6
3 8 13 5.31 5.45 89.8
4 11 12 4.86 5.00 216.
5 12 12 5.30 5.42 387.
6 13 11 4.27 4.42 119.5
7 14 11 4,76 4.89 479.
8 15 10 3.92 4.08 192.9
9 16 10 4.30 4.45 586.1
10 17 10 4.74 4.84 887.
11 17 9 3.67 3.81 232.8
12 18 9 3.99 4.13 725.4
13 '	 19 9 4.44 4.55 1121.
14 L 8 3.49 3.162 335.2
15 20 8 3.77 - 3.89 920.7
16 21 8 4.22 4.34 1397.
17 21 7 3.33 3.46 512.8
18 22 7 3.60 3.73 1184,,5
19 23 7	 . 3.98 - 4.10 1754.
20 23 6 3.22 3.34 775.8
21 24 6 3.45 ' 3.57 1526.6
22 25 6 3.82: 3.95 2173.
23 24 5 2.98 3.08 237.1
24 25 5 3.12 _ 3.22 1125.2
25 26 5 3.33 3.43 1951.8
26 27 5 3.65 3.75- 2673.
27 26 4 2.90 2.98 604.1
28 27 4 3.03 3.12 ` 1565.
29 28, 4 3.22 3.31 2463;
30 29 4 3.51 3.60 3258.
iF
TABLE 8
Properties of the 52 Quasibound States of H2 (19 g)
12.0
r
1066.7
2096.5
3062.4
3925.
4782
1623./4
272.0.
3753.5
4 688.
1.065.7
J 2275.5
1 3437.6
438.8
5547.
6442.
437.8
1749.4
` 3021,6
4247.2
5419.5
6515.
7512 .
i
i
I
i
r
i
I
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TABLE 8 (Cont.)
1Properties of the 52 Quasibound States of F: 2 (	 g)
STATE i	 j	 v	 (a.u.)	 /R2 \ 1/2(a.u.) EI(cm-1)
31 28 3 2.82 2.91
32 29 3 2.95 3.04
33 30 3 3.12 3.20
34 31 3 3.39 3.47
35 .9 ' 2.64 2.70 
36 30 2	 I 2 .75 2 .81
37 31 2 2.87 2.93
38 32 2 3.03 3.08
39 33 2 3.26 3.32
40 31 1 2.59 2.65
41 =	 32 1 2.68 2.72
42 33 1 2.79 2.83
43 34 1 2.92 1	 2.96
44 35 1 3.?2 I	 3.16
45 36 1 3.31 I	 3.'
46 32 0 2.46 2.4,
47 (	 33 0 2.53 2,54
48 34 0 2.61 2.62
49 35 0 2,71 2.11
50 36 0 i	 2.82 2.83
37 0 2.97 2.98
I
51
52 38 !	 0 3.13 3.14
TABLE 9
Properties of the Six Most Important Quasibound States at 300 0K and
p = 5 Torr.
122
I
STATE i i (sec)
(1^ is (X2 ) lcrit. (sec)
1 2.7x10-13 47.5 3.64x10-9
2 4.05x10 10 44.3 3.92x109
3 2.0x10-12 34.7 5.00x10-9
4 1.8x10-12 19.7 9.06x10-9
5 7.x10 14 28.4 6,11x10-9
6 1.97x10-9 6.1 2.8+x10-8
r.
r
	
--I
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TABLE 10
Dependence Upon j of the Maximum in the Effective Potential for
H2 (1:90)
J ( a.u. j R„	 (a. u.AX
4 8.30 22 5.28
5 7.99 23 5.18
6 7.59 24 5.09
7 7.31 25 5.00
8 7.12 26 4.92
9 6.92 27 4.83
10 6.73 28 4.74
11 6.56 29 4.66
12 6.41 30 4.57
13 6.27 31 4.48
14 6.14 32 4.39
15 6.02 33 4.31
16 5.90 34 4.21
17 5.79 35 4.11
18 5.67 36 4.01
19 5.57 37 3.89
20 5.47 38 3.75
21 5.37
7
s! m000i
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C. Calculation of Lifetimes in the Semiclassical .Approximation
As pointed out earlier the width of a given resonance
level plays an important role in determining whether or not a
given quasibound state will contribute to the recombination
rate. For the broader levels, those which are near the top
of the centrifugal barrier, it is cox.venient to calculate the
lifetimes and widths by a phase shift analysis (Eq. (75)). For
the sharper resonances this analysis becomes too time-consuming,
and moreover unnecessary, since the semiclassical JWU (Jeffreys'
y
Wentzel, Kramers, and Brillouin) method provides a rapid and
sufficiently accurate means of calculation. 	 This approximation
becomes more valid for states lying at lower energies relative
to the barrier maximum, just the region of interest for the
steady state criterion.
	
The JWKB approximation as applied to
30,31,81-83
barrier penetration has been discussed by several authors
and is briefly outlined below along with the results for the
hydrogen atoms.
rr In the JWKB limit the barrier penetration probability for
a given resonance is given by
r`
-ate`
.,	 n	 .7A,
F-
125
m
with _ 2--x the reduced mass of the colliding atomic
system and the integration over the inner: region refers to
the classically forbidden region within the centrifugal
barrier.
The usual relationship holds for the level width and
lifetime and this in turn is related to the penetration
probability as follows
4t	 (81)
L
F
(number of collisions per second with
the barrier)X(penetration probability)
iW.
Here i is the frequency of collisions with the barrier
which can be calculated from the resonance wave function (or
more practically it can be estimated from the average vibrational
kinetic energy of the i-th state) 	 In particular
where	 ,vib' is the vibrational lifetime for
the quasibound state. Then in the semiclassical approximation
tltiG;	 82
l
For an order of magnitude estimate as is _needed here, it suffices
to use as _a reasonable estimate .^ vib. ,., 10 
113
i
	
sec. 4 The
barrier penetration integral has been evaluated numerically
for the present case and the results are given for the 52
I
_-. r
i
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resonances in Table 11. The agreement of the lifetimes for the
broader states calculated in the JWKB formalism with the quantal
values is good. This provides an internal check of the method
and at the same time a "calibration," for the lifetimes of
the sharper states. It also implies that the crude estimate
employed for r ivib. is adequate for the present purposes.
I
6	 i
ti
i
.j
r
I
I
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iTABLE I 
Results of the JWKB Calculation of Lifetimes for the 52 Quaslbound States.
(enranri,m ra g trl t,e^ arp crivPn in naranthesesl
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STATE i ri Wi= e-21t 1013 'c'i(sec) 7 Jam-l)
1 (QM) (207) (20.)
2 4.156 2.46x10-4 4,05x103 1.30x10-2
3 1.551 (QM) 4.50x102 22.2	 (20.)  2.39	 (2.5)
4 1.543 (QM) 4.55x1O-2 22.0	 (18.) 2.41	 (3.0)
5 (QM) (.70) (76.)
6 4.947 5.07x1O-5 1.97x104 2.69x1Ok3
7 (QM) (2.8) (19.)
8 8.651 3.06x10-8 3.27x107 1.62x1O-6
9 1.699 (QM) 3.3440-12 30.0 (18.) 1.72	 (3.0)
10 (QM) (.14) (380.)
ll	 „ 10.95 3.09x10-10 3.24x1.09 1.64x1O-8
12 2.706 4.47x1Q 3 2.24x102 '2.37x10-1
13 (QM) (.95) (56.)
14 11.-57 8.94x10-11 1,1_2x!010 4.75x10 9
15 3.366 1.20x10 
3 8.36x102 6.37x10-2
16 (QM) (1.1) (46.)
17 11.13 2.14x10-10 4.68x109 1.14x10~8
18 3.706 6.08x104 1.$5x103 3.23x10-2
19 (QM) (1.7) (32.)
20 10.29 1.15x10-g 8.71x108 6.10xlO-8
21 3.799 5.00x10-4 2.00x103 2.65x10 -2
22 (QM) (1.8) (29.)
23 26.69 6.55x10-24 1.53x1023 3.48x10-22
24 9.419 6.53x10 9 1.53x108 3.47x10-7
25 3.752 5.53x10-4 1.81x1O3 2.9410 2
26 (QM) (2.3) (23.)
27 19.63 8.90x10-18 1.12xlO17 4.72x10.-16
28 8.638 3.13x10 8 3.20x107 1.66x1O^6
29 3.648 6.76x10-4 _1.48x1O3 3.59x1O-2
zi ts'	 e-21i
(QM)
16.17 9.03x10-15
7,995 1.11_x1.07
3.562 8.16x10-4
(QM)
30.44 3.63x1:0-2 7
14.11 5.58x10-13
7.536 2.85x10 -7
3.546 8433x10-4
(QM)
23.30	 ' " ` I•it10"21
12.84 7.01x10_12
7.312 4.48xiO-7
3.684 6.29x1.0-4
1.211 8.89x10-2
(QM)
40.93 2.80x1036
20.13 2.53x10-18
12.29 2.12x10-11
7.491 3.12x10 7
4.125 2.61x10 4
1.721 (QM) 3.21x10--2
(QM)
1013 Z:,i (sec) ri(cm,-1
(3.0) (19.)
1..1,1x10 14 4.80x10 13
8.93x10 6 5.95.1(1-6
1.24x103 4.33x10-2
(2.1) (25.)
2.76x1Q26 1.93XIOA25
1.79x1O12 2.96x7.0-1,1
3.51x106 1.51x1.05
1.22x1.03 4.42x O-2
(2.5) (21.)
1..74x1.020 3.06x1.0-19
1,43x10 1.1 3.72x10-10
2.23x106 2.64xlO 5
1.59x103 3.34x10 2
11.2 4.72
r.35) (150.)
3.58x1035 1.48x1Otl34
3.96x10 17 1.34x10-16
4.73x10 1' 0 1.12x109
3.21x10 6 1.66x10-5
3.83x1Q3 1.38x10+2
31.2	 (8.5) 1.70	 (6.2)
(63) (84.)
I STATE i
30
31
32
33
34
35
36
37
38
39
40
41.
42
43
44
45
46
47
48
49
50
51
52
rf
TABLE 11 (Cont.)
Results of the JWKB Calculation of Lifetimes for the 52 Quasi84und States.
uarttum results are Aii z in narentheses
r
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TABLE 11 (Cont.)
Results of the JWK3 Calculation of Lifetimes for the 52 Quasibound States
uantum re ,;,ilts are Riven in par?nttieses
STATE i	 I1	 ^- i ^ a-211	 1013 t' i (sec)	 (cm -1
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30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
(QM)
16.17
7.995
3.562
(QM)
30.44
14.11
7.536
3.546
(Qm )
23.30
12.84
7.312
3.684
1.211
(QM)
40.93
20.13
12.29
7.491
4.125
1.721 (QM)
(QM)
9.03x10-15
1 . Px10-7
8.16x10-4
3.63x10-27
5.58x10-13
2.85x10-7
33x 10-4
10-21
1.01x10-12
4.48x10-7
6.29x10-4
8.89x10-2
2.80x10-36
2.53x10-18
2.12x10-11
3. 12x10-7
2.61x10-4
3.21x10-2
(3.0)
1.11x1014
8.93x106
1.24x103
(2.l)
2.76x1026
1.74x1012
?.51x106
1.22x103
(2.5)
1. 74x1020
1.43x1011
2 .23x106
1.59x103
11.2
k. 35)
3.58x1035
3.96x1017
4.73x1010
3.21x106
3.83x103
31.2 (8.5)
(.63)
(19.)
4. ttOx1O-13
5.95x10-6
4.33x10-2
(25.)
1.93x1G' 25
2.96x1011
1.51x10-5
4.42xiO-2
(21.)
3.Cbx10-19
3.72 x 10-10
2.64-10 -5
-2
3.34x10
4.72
(150.)
1.48x10-34
1.34x10-16
1. 12x10-9
1.66x10-5
1. 38x 10-2
1.70 (6..-)
(84.)
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D. Distorted Wave Vibrational. Transition Probabilities
In this Appendix the distorted wave method as discussed
by Mies 45 is outlined for the present system (collinear col-
lision with an exponential repulsive interaction). The
coordinate system for the collinear collision is illustrated
in Fig. 14. In the center of mass coordinate system the
Hamiltonian is
`	
PC z	 f.	 (83)
V4,	 ^.
where
r
'= ^??,e /z Amt	
- 
Wy rt?M / ^mx ' "MM
c: :F
^^.^^- ^► -	 -acs,:	 ;/ v
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Fig. 14. Collinear Collision Coordinate System for Vibrational
Transitions.
^r
The distance r is from the center of mass of X2	 to the
third particle M .
iWIN
1
a.
f
x
L.0
M 1
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Veff (R) is the effective potential which determines the internal
state of the system. For hydrogen it is the KW clamped-nuclei
potential 38 (or the "reactive box" truncation of this potential
when treating continuum transitions). The eigenfunctions of
the oscillator, quasibound or otherwise, are represented by
Oi (;!t} where
4
r
For the quasibound states, these are the solutions as discussed
in Part I, section Cl of the main text and Appendix B. The
total wave function 	 (r,R) may be expanded in the complete
sxnt	 0n(R)
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E is the incident relative kinetic energy and Ei is the eigen-
value of the initial state (we are concerned only with energetically
allowed transitions E + Ei - En > p)	 Also
VS 7yt	 (90)
where
^') 
L	 t'^IE	 X91)S
—ol Ir
^Sn Cr) =
nn is an "average interaction" between the incident particle
and the oscillator in the n-th state. if the nondiagonal terms
Vsn are small compared to V nn , then one can use the usual
distorted wave approximation DWA which uncouples the above
PI-.
.ft
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The solutions satisfy the asymptotic boundary conditions
Ce5 ^ G r	 1	 (94a)
and
fir) ^-.-.° ^J.K e 	 94b
^n
then the transition probability for i --', n is
1 n I.'P. to 	 (95)n
If Fn (r) is the homogeneous solution to
,
 the above differential
equations (93),then the correct solution to the inhomogeneous
equation is (see for , example Mott and Massey 33
/\r /
On  l Vw /2
F C)	 cn,
r
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r
where Kiq is the modified Bessel function of imaginary order
iq , and
L_	 v. e 
^Za, z ^ G 	 (98)
a
The above can be combined to obtain,
j
H
-^	
-	 " K
-C(A)
,^	 y n
	
^^	 0"
LE
trGli
where ^^ r ip ^2j ,^ /` ' (A
In the Jackson and Mott formulation, the symmetric approximation
is invoked, V
ii 
Vnn (that is X = 1) a One then obtains
J	 / 1 	 1000 ^n Q
.A
y	 ^^ 
The transition probability in closed form then becomes
	
c^n	 Tr ^ z 
(101)F	 L	 J^
	
V ` •	 (C&14	 C6ak tl
^G
k
.m
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This is the equation obtained by Jackson and Mott which does not
include the anharmonic:
found, 45 however, that
transition probability
series 2F l(a,b;c;z) .
Lty effect, Vnn # Vii (% 0 1) . It is
for arbitrary
	
one can express the
in terms of the complex hypergeometric
For the general case one obtains
^n	 J	 -77	 J
	 (102a)
where
A65 A) V	 &lot
x
D 	 (102b)
This expression satisfies the principle of detailed balancing'.(as
does the JM expression). It is also interesting to note that both
the above results (Eqs.. (101) and (102)) are independent of E
and depend only upon the hardness parameter O^
Using the exact DWA treatment as represented by Eq. (102)
it can be shown that vibrational transition probabilities either
from the quasibound to a bound state or to a ''representative"
continuum state are much smaller than unity. The matrix element
are given in Tables 12 and 13 along with some other important
quantities for the two most important quasibound states. The
transition probabilities at various energies are given in
Figs. 6a-6h.
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TABLE 12
Matrix Elements for Vibrational Transitions from State i=6(v=l.l ) j-13) to
State n(v',j=13) .
r
v ' 0(a.u^^l) In"Ei(cm 1) Vii. Vnn Viz?
10 1.5 - 924.8 30.57 17.65 7.97
10 2.0 - 924.8 102.81 49.30 28.96
10 2.5 - 924.8 353.21. 140.59 101 .52
9 1.5 -2267. 30.57 12.54 0. 81
9 2.0 -2267. 102.81 31.07 -1.24 
9 2.5 2267. 353.21 78.53 0.3
12 1.5 589.0 30.57 43.89 15.27
12 2.0 589.0 102.81 167.55 65.63
12 2.5 589.0 353.21 652.18 272 a23
13 1.5 1284. 30.57 41.09 0.83
13 2.0 1284. 102.81 158.12 3.78
13 2.5 1284. 353.21 626X6 43.45
41
I,
^
4.'
I
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TABLE 13
Matrix Elements fo Vibrational Transitions from State i=1(v=14,j=5) to
State • n(v',j=5)
Y
v' a (a.u. +1 ) En-Ei(cm 1) Vii %n Vin
13 1.5 - 424.7 103.17 36.30 19.90
13 2.0 - 424.7 524.93 130.72 100.62
13 2.5 - 424.7 2741.02 484.06 498.16
12 1.5 -1303. 103.17 19.99 1.86
12 2.0 -1303. 524.93 58.38 4.33
12 2.5 -1303. 2741.02 174.19 4.86
15 1.5 280.2 103.17 126.34 58.34
15 2.0 280.2 524.93 713.56 373.57
15 2.5 280.2 2741.02 4145.6 2319.47
16 1.5 684.2 103.17 117.57 10.59
16 2.0 684.2 524.93 668.86 111.73
16 2.5 684.2 2741.02 3949.77 932.04
r	 ^7p
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E. Three-Body Potential Fit from the Dumbbell Model
This Appendix presents the results of fitting various
truncations of the potential
V = n 	0^	 (103)
where a0 = 1 and 0 is the angle between the rigid rotor
H2 	
and M (see Fig. 7) 
1)
	
the dumbbell contours for several
reasonable potentials for He, H2 or Ar as third bodies. To
determine the anisotropy parameters a n ^ lines of constant
potential as mapped by the dumbbell model were algebraically
matched to the above expression (Eq. (103)) using N = 2,4, and
6 successively. The equations to be solved are
.^- of K
Vn ^ 	 sL	 (104)
where	 ri, 9i	are points of the contour V	 Since
is also to be determined, a match at n points requires n l
anisotropy coefficients. As an example for the case N = 6 the
match was done for 9i = 00 , 600, 700 . and 900 with the cor-
responding ri as determined by the dumbbell model. The values
of an are given for Q( =-2.0 a.u. 1 (see Tables 14a-14d) .	 -
The results of the figures and tables of this section demonstrate
that the fitted parameters 	 an ^ are influenced more. by the
extension Q R 2 7 112 of the individual complex i than by the
t.
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choice, within reasonable bounds, of the potential parameters
(i.e,, 4( and rTP) for the H-M pair interaction., Recall
that rTP is the classical turning point for the pair potential
at the constant incident energy E = V
The results for truncations of Eq. (103) up to and
including terms of P6 are given iu Tables 14a-14d, and the
contours which were mapped and fitted in Fig. 15a-15f. The
reproduction by the P6 truncation proves to be as reliable
as is necessary for the present calculations. The fa 
n  
for
this case were determined for both the inner and outer contours,
corresponding to different rTP , as well as certain distortions
(see Table 15), in order to determine the deviations produced
in	 an	 by the choice of rTP	 It is apparent from
Tables 14a-14d that the values of a 2 and a4 are relatively
stable and that a6 is small compared to a2 and a4	Thus
although it is necessary to include a 6 to reproduce the
contours (Fig. 15a-15f), the a6 coefficient plays an in-
significant role in the calculation of the rotational cross
section since its relative contribution will be less than
2	 2
a6 /a2	Thus it is not employed in the calculation of
cross sections. The values of the 
a2 and a4 used in the
present calculation of cross-sections are listed.`in Table 3 for
the six important quasibound states. The larger variance of
the a4 will have little effect on the rotational 'zrcjss sections
since a4 plays a proportionately smaller role than a2 in the
dynamics calculation. Both a2 and a 4 contributions to the
Cross sections are, however, computed.
o y 	 .n -mxx'se'm
_+	
y 
	
mot'	 b-'^Y
r
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TABLE 14a
Anisotropy Parameters for the Potential Surface: H2^' Ma
(Expansion to a2)
r	 ""
t^
II
STATE i a2
1 1..998
2 1.997
3 1.988
4 1..982
5 1.990
6 1.951
M#
TABLE 14b
Anisotropy Parameters for the Potential Surface H2i - M a .
(Expansion to a4)
r
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s
STATE i
a2 a4
1 3.367 1.831
2 3.347 1.801
3 3.260 1.687
4 3.165 1.530
5 3.215 1.774
6 2.935 1.327
a) r,rp - 5.0 a. u. .
ITABLE 14c
Anisotropy Parameters for the Potential. Surface. H21 - M .
(Expansion to a6 for Outer Contour a)
STATE i a2 a4 a6
1 3.455 2.530 0.701
2 3.423 2.461 0.666
3 3.297 2.247 0.590
4 3.092 1.861 0.425
5 3.233 2.086 0.494
6 2.884 1.597 0.347
143
STATE i a2 a4
a6
1 3.522 2.680 0.776
2 3.480 2.588 0.729
3 3.338 2.308 0.598
4 3.228 2.132 0.539
5 3.341 2.312 0.603
6 2.982 1.768 0.418
Q.
F-
TABLE 14d
Anisotropy Parameters for the Potential Surface H 21 M
(Expansion to a 6 for Inner Countoura)
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INNER DISTORTION ON STATE i = 1
a2 a4 a6
3.534 2.710 0.788
TABLE 15
Anisotropy Parameters for Distortions of the Potential Surface for
State i = 1
OUTER DISTORTION ON STATE i = 1
a2 a4 a6
3.300 2.182 0.531
145
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Fig. 15. Three-Body Isopotential Contours for the Quasibound States.
a) i = 1
b) i=2
c) i = 3
d) i = 4
e) i=5
f) i6
The inner dumbbell contour (rTP = 4.0 a.u.) and outer
contour (rTP = 5.0 a.u.) are indicated as solid curves.
Fig. 15a also includes the inner and outer distortions (-- --)
x	 The analytical fits (-- )with the an from Table 14c are
also shown for the six important quasibound states.
ti
i
r.
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5.0
	 (a)
i
dr = 5.0
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^Tp=
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	 (c)
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F. Checks of the Restricted Distorted Wave and Modified Wave Number
Approximations
Checks on the various approximations involved in the RDW and
MWN approximations are given in this appendix. Table 16 provides
a check of the symmetry assumption involving the DWA integrals
Q'91 r (see Eq. (58)), In the region of low impact parameter
corresponding to high transition probabiliti.eso it is apparent
that the symmetry assumption (Q,,,	 Q,Q) for the most important
quasibound state i 1 is valid. In the range 301 T( OR) 9 300
the state i = 1 accounts for at least one-third of the total
reaction rate,	
1
Table 17,demonstrates for the six important resonances that
the MWN result (Eq. (69) and (56a)) is comparable to the numerical
RDW solutions. As an example r PXi_-*p j 2 vs. I (and b) are
shown for each of the six relevant states in Fig. 16. The
parameters are identical to those used in the RDW calculations
displayed in Fig. 8 The total cross sections were computed by
•	 summing each significant .E-th contribution in Eq. (56a).
The agreement between the MWN and RDW for those states with
lower transition probabilities indicated that at lower_
temperatures the RDW and MWN approximations will agree for the
two important states (i = 1 and 2) since these states will
still have relatively high transition probabilities (see	
i
Appendix G). The gas-kinetic results via Eq. (69) ate also 	 j
given in Table 17`for comparison.
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TABLE 16
Check of Symmetry Assumption for the Restricted Distorted Wave Approxi-
mation. a
Q
,Z,Z Q.9,9-2 Q n 
E _ 21. cm~ 1 b
5 0.1565 0.1543 0'.1571
10 0.0031 0.0030 0.0028
E = 210. cmr 1 c
5 0.9434 0.9375 M459
10 0.7531 0.7402 0.7500
15 0.4228 0.4105 0.4051
a) For the case M = He ,	 2.00 a.u. -1 , and rrP = 4.0 a.u.
b) Corresponds to 30.20K
i
155
TABLE 17
Comparison of Restricted Distorted Wave and Modified Wave Number Results.a
(Cross Sections in X2)
STATE i
1RDW ^- 1MWN iGK
1 48.6 41.2 46.5
2 46.6 38.2 44.4
3 33.6 30.7 39.8
4 23.3 19.7 37.1
5 26.4 25.8 39.6
6 8.8"
f
7.4 33.9
-
a) For case M = H2
	
a2 = 3.47 , a4 = 1.96 , C( = 2.00 a. u. 1,
rTP = 4.0 a.u. , and E _ 210, cm-1 corresponding to 302°K .
Fig. 16. Rotational Transition Probabilities P
'9j y J -2 vs. 2
in the Modified Wave Number Approximation.
The potential parameters, energy, and representation are
identical to those in Fig. 8.
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G. Tabulation of Rotationally Reactive Gross sections
In the following appendix, the rotational de-excitation
cross sections (^F (j —>j P2) have been tabulated for various
temperatures, in the monoenerget .c approximation (()"i = 0-.(kT))
and for different sets of potential parameters (Tables 18a-18i).
The anisotropy coefficients used are from Table 3. All entries
were calculated in the modified wave number approximation as
given by Eq. (69) and (56a). The summation over each Y,-th
contribution was carried out.
Tables 19a and 19b contain Boltzmann averaged cross sections
as defined by Eq. (16) which were calculated for a few specific
cases as a test of the monoenergetic approximation. Along with
the rotational cress sections (given in units of x 2 ), the
corresponding rate constant k  , for both the MWN and "upper-
bound" gas-kinetic limit ( see Eq. (69))  are given. The rate
r
constants are tabulated in units of 10 15 cm  mole®2 sec-1.
rT3p00 (a.u 4 ) is the estimate of the classical turning point
of H-M at E kT corresponding to 300 0K. This, in turn, is
may,
r
TABLE 18a
Rotationally Reactive Cross Sections,a
(M = He,	 = 2.00 a.u. -1 , andr 300 = 4.0 a.u. )Tp
W OV)
STATE i 10 30 50 100 200 300 500
1 13.4 22.5 28.9 40.0 42.5 42.6 41.1
2 10.9 19.8 25.8 36.3 40.3 39.8 38.7
3 3.2 5.8 8.4 14.1 25.0 28.9 30.8
4 0.8 1.5 2.1 3.8 8.0 13.2 20.8
5 1.5 2.8 4.2 7.3 14.7 21.9 26.8
6 0.2 0.3 0.4 0.8 1.8 3.1 6.9
k b 2.50 3.29 4.02 4.54 3.71 3.24 2.74
r
k GK 20.0 9.77 8.90 8.00 6.95 5.85 4.30
r
^\ nv-aa cnnf--I n"a mro tri-Ircrl in 22
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STATE 1 10 30 50 100 150 200
1 10.9 19.8 25.3 36.7 40.1 41.2
2 9.4 17.2 22.6 32.3 36.7 38.6
3 4.1 7.1 10.0 16.0 22.1 26.3
4 1.3 2.3 3.1 5,5 7,8 10.6
5 2.3 4.1 5.7 9._5 13.5 17.7
6 0.3 0.6 0.8 1.4 2.1 2.9
k b 2.15 2.87 3.55 4.22 4.02 3.77
z
k GK 14.9 9.46 8.70 7.85 7.40 6.90
r
TABLE 18b
Rotationally Reactive Cross Sections.a
(M Hey 0( = 2.25 a.u. - . and rT3P00= 4.0 a.u.)
T f OV)
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STATE i 10 30 50 100 150 200
1 15.0 24.9 32.4 42.6 44.2 43.7
2 13.0 22.0 28.8 39.2 40.2 41.3
3 2.2 4.3 6.3 11.3 17.2 22.5
4 0,4 0.8 1.2 2.3 3.7 5.3
5 0.8 1.7 2.6 4.8 7.7 10.9
6 0.1 0-.1 0.2 0.3 0.6 09
k b 2.96 3.64 4.46 4.74 4.10 3' 0 61
r
k GK 16.4 10.2 9.20 8.15 7.60 7.00
r
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SABLE 18c
Rotationally Reactive Cross Sections. a
(Il = He. Of = 1.75 a.u. -1 , and rT300= 4.0 a.u.)	 f
Wow)
AL
TABLE 18d
Rotationally Reactive Cross Sections, 
a
t s,a
41 - lie,	 2.00 a.u., and rT300 = 4.5 a,u.)
m / OTT<
STATE i 10 30 50 100 150 200
1 15.4 24.7 33.1 44.4 47.3 48.7
2 13.7 22,1 28.4 41.2 44.5 45.8
3 3.9 6.9 9.4 16,2 23,2 28.8
4 0.8 1.7 2.4 4.3 6.7 9.3
5 1,8 3.4 4.7 8.3 12,4 16.9
6 0.2 0.3 0.5 0.9 1.4 2,1
k b 3.12 3.65 4.52 5.05 4.62 4.25
r
k GK 17.3 11.0 10.1 9.10 8.55 7.95
r
162
STATE 1 10 30 50 77 100 200 300 500
1 12.8 21.8 28.8 36.5 41.3 46.8 47.5 46.3
2 11.7 19.3 24.8 32.6 37.6 43.9 44.3 44.0
3 5.4 9.1 11.8 15.5 18.5 30,5 34.7 36.5
4 1.9 3.1 4.1 5.5 6.8 12,9 19.7 26,9
5 3.1 5.3 7.0 9.3 11.3 21.0 28.4 32.9
6 0.5 0..8 1.1 1.5 1.9 3.7 6.1 11.9
k b 3.08 3.66 4.59 5.35 5,55 5.00 4.56 3.91
r
k GK 20.0 12,7 11.6 10.9 10.5 9.20 7.80 5.5
r
e-•s
TABLE 18e
Rotationally Reactive Cross Sectons.a
(M H2 ,
	
= 2.00 a.0 -1 , and rT3 00 4.5 a ur
m IOu1
r
1.63
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TABLE 18f
Rotationally Reactive Cross Sections.a
(M _ H2 ,	 2.25 a.u. -1 , and rT300 = 4.5 a.u.)
rnroxl
STATE 1 10 30 50 100 150
x
200
1 11.2 18.3 24.1 35.8 42.1 44.2
2 10.2 16.6 20.5 31.9 37.6 41.3
3 6.3 10.1 12.9 19.4 26.3 30.8
4 2.6 4.35 5.6 8.7 12.0 15.4
5 0.1 6.7 8.7 13.4 18.6 23.3
6 0.9 1.4 1.8 2.9 4.1 5.4
k b 2.69 3.16 3.87 4.94 5.10 4.98
r
k GK 17.2 12.3 11.4 10.4 9.75 9.15
r
$) Cross Sections are given in X2
b) Rate Constants are in units of 1015 Cm  mole -2 sec 1.
'Ji1
GTABLE 18 g
Rotationally Reactive Cross Sectons.a
(m = H21 a	 1.75 a.u. -1 1 and rTF300 = 4.5 a.u.)
mtau)
STATE i 10 30 50 100 150 200
1 14.4 24.4 34.1 45.8 48.7 48.5
2 13.1 22.0 29.9 42.2 45.2 46.1
3 4.2 7.3 9.8 16.5 23.8 29.1
4 1.1 1.9 2.6 4.6 7,0 9.6
5 2.0 3.6 4.9 8115 12.8 17.3
6 0.2 0.4 0,5 1.0 1.5 2.2
k b 3.43 4.19 5.40 6.05 5.45 4.94
r.
k GK 21.0 13.3 12.0 10.7 10.0 9.25
r
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TABLE 18h
Rotationally Reactive Cross Sections.a
(M =	 Q( = 2.00 a.u. 1 , and rT300 = 4.0 a.u.)
T(aKl
STATE i 10 30 50 100 150 200
1 12.3 19.9 24.9 35.4 40.0 40.4
2 11.1 17.8 22.4 32.5 37.3 38.4
3 5.1 8.1 10.7 16.7 22.3 26.8
4 1.7 2.7 3.7 5.8 8.5 11.1
5 2.9 4.7 6.3 10.2 14.0 18.4
6 0.5 0.7 0.9 1.6 2.4 3.2
k b 2.93 3.40 4.05 4.80 4.68 4.34
r
k GK 17,9 11.3 10."), 9.25 8.60 8.00
r
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ON	 I`r.4MQ coi•f-innc arc o aii7n in 22
STATE i 10 30 50 77 100 200 300 400 500
1 17.0 29.9 41.2 50.2 53.0 56.4 55.4 54.6 54.2
2 14.9 26.0 35.6 45.4 49.5 52.7 52.8 52.1 51.2
3 2.2 4r4 6.7 9.9 12.8 27.7 35.0 37.9 39.2
4 0.3 0.7 1.1 1.7 2.3 5.8 10.9 17.4 22.7
5 0.8 1.6 2.5 3.9 5.1 12.4 22.0 28.5 31.9
6 0.0 0.1 0.1 0.2 0.3 0.9 1.8 3.1 4.8
k b 2R84 3.62 4.76 5.13 4.92 3.82 3.20 2.91 2,,72-
r
k GK 16.1 10.3 9.43 8.85 8.51 7.57 6.48 5.55 4.80
r
w
TABLE 18i
Rotationally Reactive Cross Sections.a
3(M	 Ar, 0(	 2.00 a.u, -1 , anti rT300	 5.0 a.u.)
m(°u1
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TABLE 19a
Boltzmann Averaged Rotationally Reactive Cross Sections.a
(M = He. O( = 2.00 a.u. -1 , and rT3300	 4.0 a.u.)
►rlou1
STATE i 10 50 77 100 200 300 500
1 15.1 32.5 36.4 39.1 41.7 41.4 39.9
2 13.2 29.1 33.5 36.0 38.9 38.7 37.6
3 3.8 10.7 14.3 18.2 25.4 28.1 29.8
4 1.0 2.8 4.0 5.6 12.0 16.3 20.6
1.8 5.4 7.5 10.4 18.4 22.5 25.9
6 0.2 0.6 0.8 1.2 3.2 5.9 10.5
k b 3.01 4.54 4.62 4.57 3.84 3.40 2.81
r
1.68
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TABLE 19b
Boltzmann Averaged Rotationally Reactive Cross Sections.a
(M = H2 , 0( = 2.00 a.u. ®1 , and rT300 ; 4.5 a.u.)
mtoxl
STAVE i 10 50 77 100 200 300 500
1 11±	 6 33.2 37.8 41.5 45.7 46.3 45.2
2 13,3 29.7 34.4 38.0 42.8 43.3 42.8
3 6.1 14.5 18.8 23.0 30.8 33.7 35.4
4 2.0 5.1 6.9 9.3 17.2 22.0 26,3
5 3.5 8.7 11.7 15.3 24.2 28.5 31.9
6 0.5 1.4 1.9 2.7 6.0 9.8 15.3
k b 3.48 5.40 5.65 5.75 5.20 4.75 3.97
r
a) Cross sections are given in R 2 , Thermally averaged gas kinetic
cross sections were not calculated since a- GK has only a slight
170
BIBLIOGRAPHY
1. H. M. Smallwood, J. Am. Chem. Soc. 511, 1985 (1929').
L H. M, Smallwood, J. Am. Chem. Soc. 56,	 1542 (1934).
3. H. Senfvleben and 0. Rei,chemeier, Ann. Physik. 6, 105 (1930).
4. 1. Amdur and A. L. Robinson, J. Am. Chem. Soc. 55, 1395 	 (1933).
5. L. Farkas and H. Sachsse, Z. Physik. Chem. B27, 	 111 (1934).
6. I. Amdur, J. Am. Chem. Soc. 57, 856 (1935).
7. I. Amdur, J. Am. Chem. Soc. 60,	 2347 (1938).
S. W. Steiner, Trans. Faraday Soc. 31, 623 (1935).
9. T. C. Marshall, Phys. Fluids 5, 743 (1962).
10. C. B. K'retschmer and H. L. Petersen, J. Chem. Phys. 39, 1772
(1963)s.
11. F. S. Larkin, Canad. J. Chem. 46,	 1005 (1968)a
12. J. Ke y k, J. Chem. Phys. 29, 410 (1958) .
13. J. Keck, J. Chem. Phys. 32, 	 1035 (1960).
14. D. Bunker, J. Chem. Phys. 32,	 1001 (1960),
15. H. Eyring, H. Gershinowitz, and C. E. Sun, J. Chem. Phys. 3,
786 (1935).
±? 16. E. Rabinowitch 9 Trans. Faraday Soc. 33, 283 (1937)0
17. D. Jegsen and J. 0. Hirschfelder, J. Chem. Phys. 30 5 1032 (1959).
18. S. W. Benson and T. Fueno, J. Chem.'Phys. 	 36,	 1597 (1962).
j 19. F. T. Smith, Disc o Faraday Soc._ 33, 183 (1962)0
20. G. Porter, Disc. Faraday Soc. 33,	 198 (1962)0
i
21. R. D. Levine, J. Chem. Phys. 462 331 (1967)°
22. R. A. Buckingham and J. W. Fox	 Proc. Roy. Soc. A267, , 102 (1962).
,c 3. R . ^	 „	 ;_	 ,- --	 W	 Fox	 d E 	 Gal, Proc	 Ro=A.	 buc.k^figr.au^, J. .	 ^^., and E.	 a ,	 ^ y.
	
Soc.	 A284
237	 (1965).
''
r
171
24. J. W. Fox and E. Gal, Proc. Phys. Soc. 90, 55 (1967).,
25. T. G. Waech and R. B. Bernstein, J. Chem. Phys. 46, 4905 (1967).
26. K. W. Ford, D. L. Hill, M. Wakano. and J. A. Wheeler, Ann. Phys.
(N. Y.) 7, 239 (1959).
27. R. DUren., R. Helbing, and A. Pauly, Z. Physik. 183, 468 (1965).
28. J. 0. Hirschfefder, C. F. Curtiss, and R. B. Bird, The Molecular
Theory of Gases and Liquids, (John Wiley and Sons, Inc.,
New York, 1964).
29. M. E. Eliason and J. 0. Hirschfelder, J. Chem. Phys. 30, 1426
(1959).
^r 	30. J. Ro ss and P. Mazur, J. Chem. Phys. 35, 19 (1961).
31. F. T. Smith, J. Chem. Phys. 36, 248 (1962).
32. K. W. Ford and J. A. Wheeler, Ann. Phys. (N. Y.) 7, Z59 (1959).
33. N. F. Mott and H S. W. 14assey, The Theory of Atomic Collision s,
(Oxford University Press, London, 1965),.
34. T. Wu and T. Ohmura, Quantum Theory of Scattering, (Prentice
Hall Inc., Englewood. Cliffs, N. J., 1962).
35. W. C. Stwalley, A. Niehaus', and D. R. Herschbach, V Inter-
national Conference on the Physics of Electronic and Atomic
Collisions, Leningrad (Publishing House Nauka, Leningrad)
USSR ., 1967).
36. G. Herzberg, Spectra of Diatomic Molecules (D. Van Nastrand
Company, Inc., Princeton, N J., 1950).
37. R. B. Bernstein, Phys. Rev. Letters 16, 385 (1966).
38. W. `Kolos and L Wolnidwic'z, J. Chem. Phys. 43 2429 (1965).
39. K. Takayanagi, Chapter in Advances in A tomic and Molecular_
t	 ^j	 9oi
	 T^	 t	
,	 (	 Y ,
Ph ysi.c.s ed^ red b- Bates and Es4errnan dot. 1 A^aclemx:c Cress
	
_ .
	
..	
...
	
....r-..	 ..	 .T-.- _.
	
7..	 y ell;,'
r
172
New York, 1965).
40. R. Brout, J. Chem. Phys. 22, 934 (1954).
41. J. G. Parker, Phys. Fluids 2, 449 (1959).
42. E. Fermi, Elementary Particles (Yale University Press, New
Haven, Connecticut, 1951).
43. T. Horde and T. Kasuga, J. Chem. Phys. 40, 1683 (1964).
44. J. M. Jackson and N. F. Mott, Proc. Roy. Soc. (London) A137,
703 (1932).
45. F. H. Mies, J. Chem. Phys. 40, 523 (1964).
46. R. E. Roberts, J. Chem. Phys. 49, 0000 (1968).
47. F. H. Mies and K. E. Shuler, J. Chem. Phys. 37, 177 (1962).
48. H. K. Shin, Int. J. Quant. Chem., Vol II, 265 (1968)
49. E. A. Mason, J. Ross, and P. N. Schatz, J. Chem. Phys. 25,
626 (1956).
50. I. Amdur, M. C. Kells, and D. E. Davenport, J. Chem. Phys. 189
1676 (1950).
51. E. A. Mason and J. T. Vanderslice, J. Chem. Phys. 28, 1.070 (1958).
52. C. S. Roberts, Phys. Rev. 131, 203 (1963).
53. M. Krauss and F. H. Mies, J. Chem., Phys. 42, 2703 (1965),
54. E. A. Mason and J. 0. Hirschfelder, J. Chem. , Phys. 26, 756 (1957).
554 1. Shavitt, R. M. Stevens, F. L. Minn ,  and M. Karplus, J. .Chem.
Phys. 48, 2700 (1968).
56. H. Conroy and B. L. Bruner, J. Chem, Phys. 47., 921 (1967).
57. I. Amdur and E. A. Mason, J. Chem. Phys. 25, 630 (1956).
58. A. M. Arthurs and A. Dalgarno, Proc. Roy. Soc.'(London) A256,
540 (1960).
59. C. F. Curtiss, J Chem. Phys. 21, 2045 (1953).
iro Wi6!rOf-'*- W'W**'^"Wwown
}
r
17.3
60. C. F. Curtiss and F. T. Adler, J. Chem. Phys. 0, 249 (1954).
61. Cg F. Cu Liss, J. 0. Hirschfelder, and F. T. Ad ler, -4 Chem.
Phys. 1$, 1638 (1950).
62. C. F. Curtiss and A. Hardisson, J. Chem. Phys. 462^a18 (196")^
63. C. F. Curtiss, J. Chem, Phys. 48, 1725 (1968).
64. C o F. Curtiss, J. Chem. Phys. 48 (in press, 1968).
65. G. Gioumousis,. 3'. Math. Phys. 2 723 (1961).
66. G,, Gioumousis and C. F. Curtiss, J. Chem. Phys,, 29 ) ?36 (1958).
67. G. Gioumousis and C. F. Curtiss ., J. Math. Phys. '3 96 0161).
68. R. B. Bernstein, A. Dalgarn.o, H. S. W. Massey, and 1. C.
ar
Percival, Proc. Roy. Soc. (London) A274, 427 (1963).
69. K. Takayanagi, Prog. Theoret. Phys. (Kyoto) 11, 557 (1-9544).
70. K. Takayanagi, Prog. Theoret. F°hys. (Kyoto) Supply No. 25,E
1 (1,963).
71. W. D. Davison, Disc. Faraday Soc. 33, 71 (1962)
72. A. C. Allison and A. Dalgarno, Proc. Phys. Soc. 90, 609 (1967)°
73. W. Erlewei.n, M. von Seggern, and J. P. Toennies, Z. Physik.
211, 35 (1968 )•
74. K. Takayanagi, Prog. Theoret. Phys. (Kyoto) 8, 497 (1952).
75. K. Takayanagi,-Sci. Rept. Saitama Univ., Ser. A3 ,  No. 1,
1 (1958)0
76. K. Takayanagi, J. Phys. Soc. Japan 14, 75 (1959).,
77. C. F. Curtiss and R. B. Bernstein,(Report WIS-TCI-307 ,
Aug.., 1968).
78. I. C. Percival and M. J. ,Seaton, Proc. Cambridge Phil. Soc. 53,
654 (1957)
174
i
79. E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra
(Cam'arid ,e. University Press, London, 1935).
30. M. Rotenberg, R. Bivins, N. Metropolis, and J. K. Wooten, Jr.,
The 3-1 and 6-i Svmbols (The Technology* Press, MIT, 1959).
81. R. B. Bernstein, C. F. Curtiss, S. Imam-Rahajoe, and H. T. Wood,
J. Chem. Phys. 44, 4072 (1966):
82. P. M. Livingston, Jo Chem, Phys. 45, 601 (1966).
83. R. R. Herm, J. Chem. Phys. 47, 4290 (1967).
